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LOG CANONICAL PAIRS WITH BOUNDARIES
CONTAINING AMPLE DIVISORS
ZHENGYU HU
Abstract. Let (X,∆) be a projective log canonical pair such that ∆ ≥ A
where A ≥ 0 is an ample R-divisor. We prove that either (X,∆) has a good
minimal model or a Mori fibre space. Moreover, if X is Q-factorial, then
any Log Minimal Model Program on KX + ∆ with scaling terminates. As
an application we prove that a log Fano type variety X with Q-factorial
log canonical singularities is a Mori dream space. This gives an affirmative
answer to a conjecture by Cascini and Gongyo.
1. Introduction
We work over an algebraically closed field of characteristic zero .
Existence of good log minimal models. Let (X,∆) be a Kawamata log
terminal pair such that ∆ ≥ A where A ≥ 0 is an ample R-divisor. C. Birkar, P.
Cascini, C. D. Hacon and J. McKernan [6] proved that either (X,∆) has a good
minimal model or a Mori fibre space. This is one of the most important results
from birational geometry established in recent years which immediately implies
the finite generation of the canonical ring R(X,B) of a Kawamata log terminal
pair (X,B) and the existence of Kawamata log terminal log flips. Because the
existence of good minimal models is crucial to the birational classification of
algebraic varieties, algebraic geometers made a great effort trying to generalise
the above result for years. C. Birkar [4], C. D. Hacon and C. Xu [25] indepen-
dently proved the existence of log canonical log flips by using a deep result on
ACC for log canonical thresholds from C. D. Hacon, J. McKernan and C. Xu
[24]. Later C. Birkar and Z. Hu [8] showed that a log canonical pair (X,B)
with the good augmented base locus B+(KX + B) (more precisely the termi-
nology ”good” here means that the augmented base locus B+(KX + B) does
not contain any log canonical centre of (X,B) has a good minimal model.
The main purpose of this article is to generalise C. Birkar, P. Cascini, C.
D. Hacon and J. McKernan [6]’s famous theorem on the existence of good
log minimal models from Kawamata log terminal (klt for short) pairs to log
canonical (lc for short) pairs. To this end we consider the following more general
situation but it is more flexible to arrange an inductive argument. Here is the
main result of this paper.
Theorem 1.1. Let (X,∆ = A+B) be a projective log canonical pair of dimen-
sion n where A, B ≥ 0 are R-divisors and the given morphism f : (X,∆)→ Z
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is surjective. Assume further that KX + ∆ ∼R 0/Z and that A ∼R f ∗AZ is
the pull-back of an ample R-divisor AZ on Z. Then, either (X,∆) has a good
minimal model or a Mori fibre space.
As a corollary we obtain a generalisation of [6] for log canonical pairs.
Corollary 1.2 (= Corollary 5.10). Let (X,∆) be a projective log canonical
pair such that ∆ ≥ A where A ≥ 0 is an ample R-divisor. Then, either (X,∆)
has a good minimal model or a Mori fibre space. In particular, if KX + ∆ is
Q-Cartier, then the divisorial ring R(X,∆) is finitely generated.
Terminations of log flips with scaling. [6] shows that the existence
of good log minimal models (in a neighborhood of a boundary) is somehow
equivalent to the terminations of log flips with scaling of some ample divisor.
To investigate this a natural approach is to study the geography of log minimal
models. We refer to [6], [12], [13], [31], [32] for more details.
Corollary 1.3 (= Corollary 6.4, Geography of weak lc models). Let X be a
projective normal variety, and let {∆1, ∆2, . . ., ∆r} be a set of Q-Weil divisors
such that (X,∆i) is log canonical for each 1 ≤ i ≤ r. Let P be the rational
polytope defined by {∆i}. Given a surjective morphism f : X → Z. Assume
further that KX + ∆i ∼R 0/Z for every index i and that ∆i ≥ A where A ∼R
f ∗AZ is the pull-back of an ample R-divisor AZ on Z. Then, the subset
E := {∆ ∈ P| KX +∆ is pseudo-effective.}
is a rational polytope contained in P. Moreover, E admits a finite rational
polyhedral decomposition E =
⋃
k Ek satisfying:
• dim Ek = dim E for every k;
• dim Ek
⋂
El < dim E for every l 6= k;
• for any two divisors ∆, ∆′ ∈ E , ∆ and ∆′ belong to some same chamber if
and only if there exists a normal variety Y such that (Y,∆Y ) and (Y,∆
′
Y ) are
weak log canonical models of (X,∆) and (X,∆′), where ∆Y ,∆
′
Y are birational
transforms of ∆,∆′ respectively.
Theorem 1.4 (= Theorem 6.6). Let (X,∆) be a Q-factorial projective log
canonical pair such that ∆ ≥ A where A ≥ 0 is an ample R-divisor. Then, any
LMMP on KX +∆ with scaling terminates.
As immediate consequences we obtain the following corollaries.
Corollary 1.5 (= Corollary 6.8). Let (X,B) be a Q-factorial projective log
canonical pair such that KX +B is not pseudo-effective. Then, any LMMP on
KX + B with scaling of some ample divisor terminates with a weak Mori fibre
space.
Varieties of log Fano type. Another consequence of Theorem 1.1 and
Corollary 1.2 is the following result on varieties of log Fano type which also
generalises the klt version in [6].
Corollary 1.6 (= Theorem 7.1). Let X be a Q-factorial projective variety.
Assume there is a boundary ∆ such that (X,∆) is log canonical and that −(KX+
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B) is ample. Then a Cox ring of X is finitely generated, and hence X is a Mori
dream space.
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2. Preliminaries
Let k be an algebraically closed field of characteristic zero fixed throughout
the paper. A divisor means an R-Cartier R-Weil divisor. A divisor D over a
normal variety X is a divisor on a birational model of X . A birational map
X 99K Y is a birational contraction if its inverse map contracts no divisor.
Pairs. A pair (X/Z,B) consists of normal quasi-projective varieties X , Z,
an R-divisor B on X with coefficients in [0, 1] such that KX + B is R-Cartier
and a projective morphism X → Z. If Z is a point or Z is unambiguous in the
context, then we simply denote a pair by (X,B). For a prime divisor D on some
birational model of X with a nonempty centre on X , a(D,X,B) denotes the
log discrepancy. For definitions and standard results on singularities of pairs
we refer to [36].
Log minimal models and Mori fibre spaces. A projective pair (Y/Z,BY )
is a log birational model of a projective pair (X/Z,B) if we are given a birational
map φ : X 99K Y and BY = B
∼ +E where B∼ is the birational transform of B
and E is the reduced exceptional divisor of φ−1, that is, E =
∑
Ej where Ej
are the exceptional/X prime divisors on Y . A log birational model (Y/Z,BY )
is a weak log canonical (weak lc for short) model of (X/Z,B) if
• KY +BY is nef/Z, and
• for any prime divisor D on X which is exceptional/Y , we have
a(D,X,B) ≤ a(D, Y,BY )
A weak lc model (Y/Z,BY ) is a log minimal model of (X/Z,B) if
• (Y/Z,BY ) is Q-factorial dlt,
• the above inequality on log discrepancies is strict.
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A log minimal model (Y/Z,BY ) is good if KY +BY is semi-ample/Z.
On the other hand, a log birational model (Y/Z,BY ) is called a weak Mori
fibre space of (X/Z,B) if
• there is a KY + BY -negative extremal contraction Y → T with dimY >
dimT , and
• for any prime divisor D (on birational models of X) we have
a(D,X,B) ≤ a(D, Y,BY )
and strict inequality holds if D is on X and contracted/Y .
A weak Mori fibre space (Y/Z,BY ) is a Mori fibre space of (X/Z,B) if
• (Y/Z,BY ) is Q-factorial dlt,
Note that our definitions of log minimal models and Mori fibre spaces are
slightly different from the traditional definitions in that we allow φ−1 to con-
tract certain divisors.
Log smooth models. A pair (Y/Z,BY ) is a log smooth model of a pair
(X/Z,B) if there exists a birational morphism π : Y → X such that
• (Y/Z,BY ) is log smooth,
• π∗BY = B,
• a(E, Y,BY ) = 0 for every exceptional/X prime divisor on Y .
It is obvious that if (X,B) is lc, then (Y,BY ) is dlt. In this case, it is easy to
calculate that a(D,X,B) ≥ a(D, Y,BY ) for any prime divisor D over X . More-
over, a log minimal model of (Y/Z,BY ) is also a log minimal model of (X/Z,B).
Ample models and log canonical models. Let D be a divisor on a
normal variety X over Z. A normal variety T is the ample model/Z of D if
we are given a rational map φ : X 99K T such that there exists a resolution
X
p
←− X ′
q
−→ T with
• q being a contraction,
• p∗D ∼R q∗DT + E where DT is an ample/Z divisor and E ≥ 0, and
• for every divisor B ∈ |p∗D/Z|R, then B ≥ E.
Note that the ample model is unique if it exists. The existence of the ample
model is equivalent to saying that the divisorial ring R(D) is a finitely gener-
ated OZ-algebra when D ≥ 0 is Q-Cartier.
A normal variety T is the log canonical model/Z (lc model for short) T of a
pair (X/Z,B) if it is the ample model/Z of KX + B. The existence of the lc
model of a klt pair is guaranteed by [6], and the existence of the lc model of an
lc pair is still an open question. It is known that proving the existence of the
lc models of lc pairs (X,B) with KX +B being big is equivalent to proving the
abundance conjecture for klt pairs.
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Nakayama-Zariski decompositions. Nakayama [39] defined a decompo-
sition D = Pσ(D) + Nσ(D) for any pseudo-effective R-divisor D on a smooth
projective variety. We refer to this as the Nakayama-Zariski decomposition.
We call Pσ the positive part and Nσ the negative part. We can extend it to
the singular case as follows. Let X be a normal projective variety and D be a
pseudo-effective R-Cartier divisor on X . We define Pσ(D) by taking a resolu-
tion f : W → X and letting Pσ(D) := f∗Pσ(f ∗D). A divisor D is movable if
D = Pσ(D), that is, D ∈ Mov(X). Given a normal variety X/Z and a pseudo-
effective divisor D/Z, we define the relative Nakayama-Zariski decomposition
D = Pσ(D/Z) +Nσ(D/Z) in a similar way.
Asymptotic vanishing orders. We review some basic definitions devel-
oped from [39] and [9]. Suppose that D is a divisor on a normal variety X
with κ(D) ≥ 0 and v = ordΓ is a discrete valuation. We define the asymptotic
vanishing order of D along v as
v(‖D‖) := lim inf
L∈|mD|
1
m
v(L).
and the asymptotic fixed part as Fix(‖D‖) :=
∑
Γ ordΓ(‖D‖)Γ where Γ runs
over all prime divisors on X .
Fix an ample divisor A, we define the numerical asymptotic vanishing order
of a pseudo-effective divisor D′ along v as
σv(‖D
′‖) := lim
ǫ↓0
v(‖D′ + ǫA‖)
[39] verifies that the definition above is independent of the choice of A. It is
obvious that the asymptotic vanishing order and the numerical asymptotic van-
ishing order coincide when D is big. By an easy calculation one deduces that the
negative part of the Nakayama-Zariski decomposition of D has the coefficients
which are numerical asymptotic vanishing orders: Nσ(D) =
∑
Γ σΓ(‖D‖)Γ.
Stable base loci and restricted base loci. Let D be a pseudo-effective
divisor on a normal projective variety X over Z. The R-stable base locus of D
is defined as
B(|D/Z|R) :=
⋂
{SuppD′|D′ ≥ 0 and D′ ∼R D/Z}.
When D is not R-linearly equivalent to an effective divisor, we use the conven-
tion that B(|D/Z|R) = X .
Similarly we define the Q-stable base locus as
B(|D/Z|Q) :=
⋂
{SuppD′|D′ ≥ 0 and D′ ∼Q D/Z}.
Next we define the restricted base locus of D as
B−(D/Z) :=
⋃
A
B(|(D + A)/Z|R)
where the union is taken over all ample divisors A on X over Z.
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LMMP with scaling. Let (X/Z,B + C) = (X1/Z,B1 + C1) be an lc pair
such that KX1 + B1 + C1 is nef/Z, B1 ≥ 0, and C1 ≥ 0 is R-Cartier. Suppose
that either KX1 + B1 is nef/Z or there is an extremal ray R1/Z such that
(KX1 +B1) · R1 < 0 and (KX1 +B1 + λ1C1) · R1 = 0 where
λ1 := inf{t ≥ 0|KX1 +B1 + tC1 is nef/Z}.
Now, if KX1 + B1 is nef/Z or if R1 defines a Mori fibre structure, we stop.
Otherwise assume that R1 gives a divisorial contraction or a log flip X1 99K X2.
We can now consider (X2/Z,B2 + λ1C2) where B2 + λ1C2 is the birational
transform of B1 + λ1C1 and continue. That is, suppose that either KX2 + B2
is nef/Z or there is an extremal ray R2/Z such that (KX2 + B2) · R2 < 0 and
(KX2 +B2 + λ2C2) · R2 = 0 where
λ2 := inf{t ≥ 0|KX2 +B2 + tC2 is nef/Z}.
By continuing this process, we obtain a sequence of numbers λi and a special
kind of LMMP/Z which is called the LMMP/Z on KX1 + B1 with scaling of
C1. Note that by definition λi ≥ λi+1 for every i, and we usually put λ = lim
i→∞
λi.
Decreasing the coefficients appeared in LMMP with scaling. Let
(X/Z,B + C) be as above. Assume further that (X/Z,B) is Q-factorial dlt.
We suppose that for each 0 < t ≤ 1, (X/Z,B + tC) has a good minimal
model. Then, we can run an LMMP/Z on KX +B with scaling of C such that
λ = lim
i→∞
λi = 0. To see this, we assume that λ > 0. By [4, Theorem 1.9], after
finitely many steps we reach a model (Xi/Z,Bi+λCi) on which KXi+Bi+λCi
is semi-ample/Z. Let (Y/Z,BY ) be the lc model of (Xi/Z,Bi+λCi), and denote
by g : X/Z → Y . Now we instead run an LMMP/Y on KXi + Bi with scaling
of λCi which ends with a good minimal model (Xj/Y,Bj) on which KXj + Bj
is semi-ample/Y by Theorem 3.1. We therefore obtain that λj < λ. By contin-
uing this process, we obtain the desired LMMP/Z.
Lifting a sequence of log flips with scaling. Given an LMMP with
scaling which consists of a sequence of log flipsXj 99K Xj+1/Zj. Let (X
′
1/Z1, B
′
1)
be a Q-factorial dlt blow-up of (X1/Z,B1) and C ′1 the pullback of C1. Since
KX1 +B1 + λ1C1 ≡ 0/Z1, we get KX1 +B
′
1 + λ1C
′
1 ≡ 0/Z1.
Run an LMMP/Z1 on KX′
1
+ B′1 with scaling of an ample/Z1 divisor which
is automatically also an LMMP/Z1 on KX′
1
+B′1 with scaling of λ1C
′
1. Assume
that this LMMP terminates with a log minimal model (X ′2/Z1, B
′
2). By con-
struction, (X2/Z1, B2) is the lc model of (X
′
1/Z1, B
′
1) and hence (X
′
2/Z1, B
′
2)
is a Q-factorial dlt blow-up of (X2/Z1, B2). We can continue this process on
(X ′2/Z2, B
′
2) and lift the original sequence to an LMMP on KX′1 +B
′
1 with scal-
ing of λ1C
′
1.
ACC for log canonical thresholds. Theorems on ACC proved in [24] are
crucial to the proof of our main result. We present them here for convenience.
Let us recall the log canonical threshold of an effective divisor M with respect
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to a log pair (X,∆), denoted by lct(X,∆;M), is defined as
lct(X,∆;M) := sup{t ∈ R|(X,∆+ tM) is log canonical}.
Theorem 2.1 (ACC for log canonical thresholds, see [24,Theorem 1.1]). Fix a
positive integer n, a set I ⊂ [0, 1] and a set J ⊂ R>0, where I and J satisfy the
DCC. Let Tn(I) be the set of log canonical pairs (X,∆), where X is a variety
of dimension n and the coefficients of ∆ belong to I. Then the set
{lct(X,∆;M)|(X,∆) ∈ Tn(I), the coefficients of M belong to J}
satisfies the ACC.
Theorem 2.2 (ACC for numerically trivial pairs, see [24,Theorem D]). Fix a
positive integer n and a set I ⊂ [0, 1], which satisfies the DCC. Then there is a
finite set I0 ⊂ I with the following property:
If (X,∆) is a log canonical pair such that
(i) X is projective of dimension n,
(ii) the coefficients of ∆ belong to I, and
(iii) KX +∆ is numerically trivial,
then the coefficients of ∆ belong to I0.
A special LMMP. Given a Q-factorial dlt pair (X,B) and a divisor P
with its support SuppP = ⌊B⌋, Birkar [4] defined a sequence of birational
maps as follows. Here we put everything into the situation of R-divisors for
our use later. Pick a decreasing sequence of sufficiently small positive real
numbers ǫ1 > ǫ2 > · · · > ǫj > · · · such that limj→∞ ǫj = 0. Obviously,
the pair (X,B − ǫjP ) is klt provided that ǫ1 is sufficiently small. For each
j, if we can run an LMMP on KX + B − ǫjP which terminates with a good
minimal model (Xj, Bj − ǫjPj) where Bj and Pj are birational transforms of
B and P respectively, then (Xj , Bj) is Q-factorial lc by Theorem 2.1. Since ǫ1
can be chosen arbitrary small, we can assume that all Xj’s are isomorphic in
codimension one.
Since KX1 +B1 − ǫ1P1 is semi-ample,
KX1 +B1 − ǫ1P1 ∼R C1
for some C1 so that (X1, B1 + C1) is lc. If tj =
ǫj
ǫ1−ǫj
and j 6= 1, then
KX1 +B1 + tjC1 ∼R (1 + tj)(KXj +B1 − ǫjP1).
Next we can run an LMMP on KX2+B2 with scaling of t2C2. Because (Xj, Bj+
tjCj) is a good minimal model of (X2, B2+ tjB2), we can assume that (Xj, Bj)
appears in the process of this LMMP for every j by [4, Theorem 1.9]. In other
words, the sequence of birational maps
(X2, B2)→ · · · → (Xj , Bj)→ · · ·
can be embedded into a sequence of log flips. In particular, if the LMMP above
does not intersect with ⌊Bj⌋ for j ≫ 0, then the program terminates.
On special termination. Assume that we are given an LMMP with scal-
ing which consists of only a sequence Xi 99K Xi+1/Zi of log flips, and that
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(X1/Z,B1) is Q-factorial dlt. Assume ⌊B1⌋ 6= 0 and pick a component S1 of
⌊B1⌋. Let Si ⊂ Xi be the birational transform of S1 and Ti the normalisation
of the image of Si in Zi. Using standard special termination arguments, we will
see that termination of the LMMP near S1 is reduced to termination in lower
dimensions. It is well-known that the induced map Si 99K Si+1/Ti is an isomor-
phism in codimension one if i ≫ 0 (cf. [16]). So, we could assume that these
maps are all isomorphisms in codimension one. Put KSi+BSi := (KXi+Bi)|Si.
In general, Si 99K Si+1/Ti is not a (KSi + BSi) -flip. To apply induction, we
note that Si 99K Si+1/Ti can be connected by a sequence of (KSi + BSi)-flips
(see [4, Remark 2.10]).
Very exceptional divisors. Let f : X → Y be a contraction of normal
varieties, D a divisor on X , and V ⊂ X a closed subset. We say that V is
vertical over Y or f -vertical if f(V ) is a proper subset of Y . We say that D is
very exceptional/Y if D is vertical/Y and for any prime divisor P on Y there
is a prime divisor Q on X which is not a component of D but f(Q) = P , i.e.
over the generic point of P we have Suppf ∗P * SuppD. In some literatures
such D is also said to be f -degenerate (cf. [22]). Here we cite some lemmas for
later use.
Lemma 2.3 ([4, Lemma 3.2], cf. Shokurov [40, Lemma 3.19]). Let f : X → Y
be a contraction of normal varieties, projective over a normal affine variety Z.
Let A be an ample/Z divisor on Y and F = f ∗A. If E ≥ 0 is a divisor on
X which is vertical/Y and such that mE = Fix(mF +mE) for every integer
m≫ 0, then E is very exceptional/Y .
Lemma 2.4 ([4, Theorem 3.4]). Let (X/Z,B) be a Q-factorial dlt pair such
that KX + B ∼R M/Z with M ≥ 0 very exceptional/Z. Then, any LMMP/Z
on KX + B with scaling of an ample/Z divisor terminates with a model Y on
which KY +BY ∼R MY = 0/Z.
Lemma 2.5 ([4, Theorem 3.5]). Let (X/Z,B) be a Q-factorial dlt pair such
that X → Z is birational, and KX + B ∼R M = M+ − M−/Z where M+,
M− ≥ 0 have no common components and M+ is exceptional/Z. Then, any
LMMP/Z on KX + B with scaling of an ample/Z divisor contracts M+ after
finitely many steps.
If codim f(D) ≥ 2, then D is very exceptional. In this case we say D is
f -exceptional.
Toroidal reductions and equidimensional morphisms. We will need a
few results of toroidal reductions in Section 3.
Theorem 2.6 ([1, Theorem 2.1]). Let f : X → Z be a projective surjective
morphism with geometrically integral generic fibre, and assume Z integral. Let
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B ⊂ X be a proper closed subscheme. There exists a diagram as follows :
UX ⊂ X ′
mX→ X
↓ ↓ f ′ ↓ f
UZ ⊂ Z ′
mZ→ Z
such that mX and mZ are birational projective morphisms, X
′ and Z ′ are non-
singular, the inclusions on the left are toroidal embeddings, and such that:
1. f ′ is toroidal.
2. Let B′ = m−1X B. Then B
′ is a simple normal crossings divisor, and
B′ ⊂ X ′\UX′.
Proposition 2.7 ([1, Proposition 4.4]). Let UX ⊂ X and UB ⊂ B be toroidal
embeddings with polyhedral complexes ∆X and ∆B respectively, and assume that
B is nonsingular. Let f : X → B be a surjective toroidal morphism. Then there
exist projective subdivisions∆′X of ∆X and ∆
′
B of∆B with ∆
′
B nonsingular, such
that the induced map f ′ : X ′ → B′ is an equidimensional toroidal morphism.
Lemma 2.8. Let π : X ′ → X be a birational projective morphism to a smooth
variety. Then, there exists a small Q-factorialisation τ : X ′ → X ′.
Proof. We can assume thatX,X ′ are projective. Let {Ei} be the set of exceptional/X
divisors onX ′. Pick an ampleQ-divisor A such that (X,A) is klt and a(Ei, X,A) ≤
1 for each i. We write KX′ +A
′ = π∗(KX +A). Since (X
′, A′) is klt, by a stan-
dard argument we obtain a small Q-factorialisation. 
A lemma on weak lc models. We prove the following easy lemma for the
use of an argument in Section 5.
Lemma 2.9. Let (X,∆), (W,∆W ) be projective Q-factorial dlt pairs and g :
W 99K X be a birational map. Assume that
• KW +∆W is semi-ample;
• a(Γ, X,∆) ≤ a(Γ,W,∆W ) for any prime divisor Γ over X;
• if Γ is a prime divisor on W , then a(Γ, X,∆)+σΓ(KX+∆) ≥ a(Γ,W,∆W ).
Then, (X,∆) has a good minimal model.
Proof. Let W
p
←− W˜
q
−→ X be a common log resolution. If we write K
W˜
+
∆
W˜
= q∗(KX + ∆)) + E where ∆W˜ , E ≥ 0 have no common component
and E is exceptional/X , then a log minimal model of (W˜ ,∆
W˜
) is also a log
minimal model of (X,∆). Moreover, if Γ is a prime divisor onW , then σΓ(KX+
∆) = σΓ(KW˜ + ∆W˜ ) as a(Γ, X,∆) = a(Γ, W˜ ,∆W˜ ) ≤ a(Γ,W,∆W ) ≤ 1. Since
a(Γ, X,∆) ≤ a(Γ,W,∆W ), we have p∗∆W˜ ≥ ∆W . Put G = p∗∆W˜ − ∆W
and G˜ = p−1∗ G. If we write ∆
′
W˜
= ∆
W˜
− G˜, then we have a(Γ,W,∆W ) =
a(Γ, W˜ ,∆′
W˜
) for any prime divisor Γ on W . Because KW + ∆W is nef, by
Negativity Lemma a(Γ,W,∆W ) ≥ a(Γ, W˜ ,∆′
W˜
) and hence (W,∆W ) is a weak
lc model of (W˜ ,∆′
W˜
).
Because a(Γ, X,∆)+ σΓ(KX +∆) ≥ a(Γ,W,∆W ), for every prime divisor on
W , we deduce G˜ ≤ Nσ(KW˜+∆W˜ ). Therefore (W˜ ,∆
′
W˜
) has a log minimal model
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which in turn implies that (W˜ ,∆
W˜
) has a log minimal model by [4, Corollary
3.7] and [7] since G˜ ≤ Nσ(KW˜ +∆W˜ ). Hence (X,∆) has a log minimal model
(Y,BY ). Because KW + ∆W is semi-ample, by [4, Remark 2.7], KY + ∆Y is
semi-ample. 
3. Minimal models for generically trivial pairs
We need some results from C. Birkar [4, Theorem 1.1, Theorem 1.4 and
Theorem 1.7], C.-D. Hacon and C. Xu [26, Corollary 1.5], [25, Theorem 1.6] (cf.
Fujino and Gongyo [19]) with a generalisation for R-divisors. K. Hashizume
[27] informed me that he also obtain the same result with a different approach.
Theorem 3.1. Let (X/Z,B+A) be an lc pair where A ≥ 0 is R-Cartier, and the
given morphism f : X → Z is surjective. Assume further that KX +B +A ∼R
0/Z. Then,
(1) (X/Z,B) has a Mori fibre space or a log minimal model (Y/Z,BY ),
(2) if KY +BY is nef/Z, then it is semi-ample/Z.
Theorem 3.2. Let (X/Z,B) be an lc pair and the given morphism f : X → Z
is surjective. Assume further that KX + B ∼R 0 over some non-empty open
subset U ⊆ Z, and if η is the generic point of an lc centre of (X/Z,B), then
f(η) ∈ U . Then,
(1) (X/Z,B) has a log minimal model (Y/Z,BY ),
(2) KY +BY is semi-ample/Z.
Theorem 3.3. Let (X/Z,B) be a Q-factorial dlt pair and G ⊆ ⌊B⌋ be a reduced
divisor. Suppose that
• KX +B is nef/Z,
• (KX +B)|S is semi-ample/Z for each component S of G,
• KX + B − ǫP is semi-ample/Z for some divisor P ≥ 0 with SuppP = G
and for any sufficiently small real number ǫ > 0.
Then, KX +B is semi-ample/Z.
Remark 3.4 We only need the case when G = ⌊B⌋ in this article. However,
we prove Theorem 3.3 in full generality since the same argument works.
An important ingredient of the proof of Theorem 3.3 is the following Dio-
phantine approximation.
Lemma 3.5 (see [6, Lemma 3.7.7]). Let C be a rational polytope contained
in a real vector space V of dimension n, which is defined over the rationals.
Fix a positive integer k and a positive real number α. If v ∈ C, then we may
find vectors v1, v2, . . . , ∈ C and positive integers m1, m2, . . . , mp, which are
divisible by k, such that v is a convex linear combination of the vectors v1, v2,
. . . , vp and
‖vi − v‖ ≤
α
mi
where
mivi
k
is integral
where ‖vi − v‖ denotes the norm of vi − v in Rn.
LOG CANONICAL PAIRS WITH BOUNDARIES CONTAINING AMPLE DIVISORS 11
The following lemma may be known to experts. We write a detailed proof
for the reader’s convenience.
Lemma 3.6. Let f : X → Z be a projective morphism of normal varieties and
D be a divisor on X. Assume that X is Q-factorial and B(|D/Z|R) = ∅. Then,
D is semi-ample/Z.
Proof. By replacing D with a member of |D/Z|R, we can assume that D is
effective. For simplicity we assume that Z is a point. Let ΣiDi be the irreducible
decompositions of SuppD. For every i there exists a divisor Mi ∼R D such that
Mi does not contain Di in its support. More precisely, we write
D +
∑
j
aij(gij) =Mi
where aij are real coefficients and gij are rational functions on X . Let ΣkMik be
the irreducible decompositions of SuppMi, V := ⊕iR≥0Bi andWi = ⊕kR≥0Mik.
Moreover, letRi = ⊕jR(gij). It is easy to check that there is a rational polytope
Li ⊂ {D
′ ∈ V|D′ +Ri intersects Wi}
containing D, and for every Q-divisor D′ ∈ L =
⋂
iLi, we have
B(|D′|Q) ⊂
⋃
i
(Di
⋂
Supp(Mi))
by [39, Chapter II, 2.8 Lemma]. Note that dimDi
⋂
Supp(Mi) < dimBi. Next
we pick a divisor M ′i for each i such that M
′
i does not contain Bi
⋂
Supp(Mi)
in its support. In a similar way we shrink L to a smaller polytope such that
for every Q-divisor D′ ∈ L, B(|D′|Q) ⊂
⋃
i(Bi
⋂
Supp(Mi)
⋂
Supp(M ′i)). By
repeating this process we obtain a rational polytope L containing D such that
every Q-divisor D′ ∈ L is semi-ample. Hence there exists a finite number of
semi-ample Q-divisors D′l such that D is a convex linear combination of D
′
l.
Finally, by a standard argument we deduce that D is semi-ample. 
Proof of Theorem 3.3. If B is a Q-divisor, then the conclusion follows from a
similar proof of [26, Corollary 1.5] with an aid of an injectivity theorem (cf. [15,
Theorem 6.1], [3, Theorem 2.3], [17, Proposition 5.1.1], [35], etc.). We therefore
assume that B is an R-divisor with some coefficient irrational. Let S = ⌊B⌋
(by abuse of notation) and ΣiBi be the irreducible decompositions of Supp∆
where ∆ = {B} is the fractional part of B. We put V := ⊕iRBi. It is easy to
check that
L = {∆′ ∈ V|(X,S +∆′) is log canonical and KX + S +∆
′ is nef/Z}
is a rational polytope containing ∆.
Let Si be a component of G. Since KSi+BSi = (KX+B)|Si is semi-ample/Z,
there is a morphism gi : Si → Ti where Ti is the lc model of (Si/Z,BSi). So,
there is an ample/Z divisor Ai on Ti and a finite number of rational functions
hij on Si such that
KSi +BSi + Σjaij(hij) = g
∗
iAi ∈ g
∗
iDivR(Ti/Z)
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where aij are real coefficients. Let Ni = ⌊BSi⌋ and ΣkBSi,k be the irreducible
decompositions of Supp{BSi}. We define Wi := ⊕kRBSi,k, Ri := ⊕jR(hij) and
Ai ⊂ DivR(Ti/Z) as a sufficiently small rational polytope containing Ai. It is
easy to check that
Pi := {∆
′
Si
∈ Wi|(Si, Ni +∆
′
Si
) is log canonical and
KSi +Ni +∆
′
Si
+Ri intersects g
∗
iAi}
is a rational polytope in by [5, Proposition 3.2]. It follows that
Li := {∆
′ ∈ L|∆′Si ∈ Pi where ∆
′
Si
is defined as
KSi +Ni +∆
′
Si
= (KX + S +∆
′)|Si}
is also a rational polytope containing ∆ = {B}. Let L′ = ∩iLi where i runs
over all components Si of G. By assumptions we deduce that L′ is a rational
polytope containing ∆.
Let ∆k’s be a finite set of Q-divisors in L′ such that ∆ is a convex linear
combination of ∆k’s, that is, ∆ = Σλk∆k and Σλk = 1. Since such ∆k’s can be
chosen arbitrarily close to ∆, KSi +Ni +∆k,Si is semi-ample/Z for every i.
Let β = ‖∆‖, let d be an integer such that dKX and dBi are Cartier for all
i, and pick α≪ 1− β. By Lemma 3.5 we can further assume that
‖∆k −∆‖ ≤
α
mk
where
mk
d
∆k is integral.
Then, we use a similar argument from [26, proof of 1.5] (see also [34, 7.4]). We
write
mk(KX + S +∆k)−G =KX +B +mk(∆k −∆)−G+ (mk − 1)ǫP
+ (mk − 1)(KX +B − ǫP ).
Since (X,B+mk(∆k−∆)−G+(mk−1)ǫP ) is dlt for 0 < ǫ≪ 1 andKX+B−ǫP
is semi-ample/Z, by an injectivity theorem (cf. [15, Theorem 6.1], [3, Theorem
2.3], [17, Proposition 2.23], [35], etc.) we have that
R1f∗OX(mk(KX + S +∆k)−G)→ R
1f∗OX(mk(KX + S +∆k))
is an injection where f : X → Z and hence
f∗OX(mk(KX + S +∆k))→ f∗OG(mk(KG + (S −G)|G +∆k,G))
is surjective where ∆k,G is defined as KG+(S−G)|G+∆k,G = (KX+S+∆k)|G.
We have the commutative diagram as follows.
f ∗f∗OX(mk(KX + S +∆k))

// f ∗f∗OG(mk(KG + (S −G)|G +∆k,G))

OX(mk(KX + S +∆k)) // OG(mk(KG + (S −G)|G +∆k,G))
Since the upper arrow and the right arrow are surjective, mk(KX + S +∆k) is
relatively globally generated along G over Z which in turn implies that the R-
stable base locus B(|KX+B/Z|R) does not intersect with G. Since KX+B−ǫP
is semi-ample/Z for 0 < ǫ≪ 1, the R-stable base locus B(|KX + B/Z|R) must
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be contained in the support of G. Hence we obtain that B(|KX +B/Z|R) = ∅.
We apply Lemma 3.6 to conclude that KX +B is semi-ample/Z. 
The following lemma is very useful.
Lemma 3.7. Let (X/Z,B) be an lc pair. Assume that (X/Z,B) has the lc
model and that KX + B is abundant/Z. Then, (X/Z,B) has a good minimal
model.
Proof. We first treat the case when Z is a point. Since (X,B) has the lc
model, there is a log resolution f : X ′ −→ X such that f ∗(KX + B) = M + F
where M is semi-ample and F is the asymptotic fixed part. Note that the
abundance of KX + B implies that F = Nσ(f
∗(KX + B)) by [37, Proposition
6.4]. Therefore, KX + B birationally has a Nakayama-Zariski decomposition
with nef positive part. We immediately obtain that (X,B) has a log minimal
model (Y,BY ) according to [7]. We assume that the birational map g : X
′
99K Y
is a morphism, and it is obvious that g∗(KY +BY ) = Pσ(f
∗(KX +B)) =M is
semi-ample. It follows that the log minimal model (Y,BY ) is good.
Next we prove the general case. Replacing (X/Z,B) we can assume it is Q-
factorial dlt. Run an LMMP/Z on KX +B with scaling of an ample/Z divisor.
From the argument above we reach a model g : (Y,BY ) 99K T after finitely
many steps where T is the lc model of (X/Z,B) and (KY + BY )|Yη ∼R 0 on
the generic fibre Yη of g. Replacing (Y/Z,BY ) with some birational model, we
can assume that g is a morphism and write KY +BY ∼R g∗AT + FY where AT
is an ample/Z divisor and FY ≥ 0 is vertical/T . By Lemma 2.3, FY is very
exceptional/T , and hence by Lemma 2.4 any LMMP/T ′ on KY ′ + BY ′ with
scaling of an ample/Z divisor contracts FY ′ and terminates with a minimal
model g′′ : (Y ′′, BY ′′)→ T on which KY ′′ +BY ′′ ∼R g′′∗AT . 
The following lemma is [4, Theorem 1.5] with a generalisation for R-divisors.
Lemma 3.8. Let (X/Z,B) be a Q-factorial dlt pair where f : X → Z is
projective. Assume further that (X/Z,B) has the lc model/Z, and that (KX +
B)|Xη ∼R 0 where Xη is the generic fibre of f . Then, any LMMP/Z on KX+B
with scaling of an ample/Z divisor terminates with a good minimal model.
Proof. We assume that f is a contraction. Since (KX + B)|Xη ∼R 0 where Xη
is the generic fibre of f , KX +B is abundant/Z. We derive the conclusion from
Lemma 3.7 . 
The argument for the following lemma is similar to [27, Lemma 3.2].
Lemma 3.9. Let (X/Z,B) be a Q-factorial klt pair where f : X → Z is
projective. Assume further that (KX + B)|Xη ∼R 0 where Xη is the generic
fibre of f . Then, any LMMP/Z on KX +B with scaling of an ample/Z divisor
terminates with a good minimal model.
Proof. By replacing (X,B) and Z we assume (X,B) is log smooth and Z is
smooth. Note that of course we lose the condition (KX+B)|Xη ∼R 0. However,
we still have (KX + B)|Xη ∼R Nσ((KX + B)|Xη). Now by replacing X,Z with
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suitable compactifications we can assume X,Z are projective. By assumption
we let KX+B ∼R D = Dh+Dv where Dv ≥ 0 is vertical/Z and each component
of Dh ≥ 0 is horizontal/Z. In particular, we have Dh|Xη = Nσ(Dh|Xη). By
Theorem 2.6 there exists a diagram as follows:
UX ⊂ X ′
πX→ X
↓ ↓ f ′ ↓ f
UZ ⊂ Z ′
πZ→ Z
such that πX and πZ are birational projective morphisms, X
′ and Z ′ are smooth,
the inclusions on the left are toroidal embeddings, and such that:
1. f ′ is toroidal.
2. Supp π∗X(B +D) ⊂ X
′\UX′ is a simple normal crossings divisor.
By Proposition 2.7 we have toroidal birational morphisms π′X : X
′′ → X ′,
π′Z : Z
′′ → Z ′ such that the induced morphism f ′′ : X ′′ → Z ′′ is equidimensional
toroidal. Moreover, by Lemma 2.8, X ′′ admits a small Q-factorialisation τ :
X ′′ → X ′′.
If we write KX′′ + B
′′ = (πX ◦ π′X ◦ τ)
∗(KX + B) + E where B′′, E have
no common components, then it suffices to prove that (X ′′/Z,B′′) has a good
minimal model. Let
D = (πX ◦ π
′
X ◦ τ)
∗D = (πX ◦ π
′
X ◦ τ)
∗Dh + (πX ◦ π
′
X ◦ τ)
∗Dv = Dh +Dv.
We have KX′′+B
′′ ∼R Dh+Dv+E. Since f ′′ is equidimensional and τ is small,
every component of Dv is mapped onto a prime divisor on Z
′′. It follows that
we can write Dv = (f
′′ ◦ τ)∗G+ F where G ≥ 0 and F is very exceptional/Z ′′.
Now we run an LMMP/Z ′′ on KX′′ + B
′′ with scaling of an ample divisor.
Because Dh|Xη = Nσ(Dh|Xη), we deduce E+F+Dh ≤ Nσ(KX′′+B
′′/Z). Hence
the LMMP terminates with a minimal model (Y,BY ) on which KY + BY ∼R
0/Z ′′ thanks to [7]. Since (Y,BY ) is klt and Z
′′ → Z is birational, by a canonical
bundle formula and a standard argument (see proof of Proposition 4.1) we
deduce that (Y/Z,BY ) has a good minimal model which in turn implies that
(X/Z,B) has a good minimal model. 
Proof of Theorem 3.1. The argument is similar to [4]. By replacing (X,B) with
a dlt blow-up, we can assume that (X,B) is Q-factorial dlt. If (X,B) is klt,
then (KX + B)|Xη ∼R −A|Xη is either non-pseudo-effective or A|Xη = 0 where
Xη is the generic fibre of f . Therefore either (X,B) has a Mori fibre space or
a good minimal model thanks to Lemma 3.9. From now on we assume that
⌊B⌋ 6= 0.
The vertical case. We first prove the case when every lc centre of (X/Z,B)
is vertical/Z. Assume Theorem 3.1 holds for dim ≤ n − 1. If KX + B is not
pesudo-effective/Z, then (X/Z,B) has a Mori fibre space by [6]. If KX + B is
pseudo-effective/Z, then (KX+B)|Xη ∼R 0. Let P := ⌊B⌋ and pick a decreasing
sequence of sufficiently small positive real numbers ǫ1 > ǫ2 > · · · > ǫj > · · ·
such that limj→∞ ǫj = 0. We can run an LMMP/Z on KX + B − ǫjP which
terminates with a good minimal model since P is vertical/Z and (X/Z,B−ǫjP )
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is klt. As we discussed in Section 2: a special LMMP, we obtained a sequence
of birational maps
(X2/Z,B2)→ · · · → (Xj/Z,Bj)→ · · ·
which can be embedded into a sequence of LMMP/Z onKX2+B2 with scaling of
t2C2. It suffices to prove that the LMMP above terminates near ⌊Bj⌋ for j ≫ 0.
Let Aj be the birational transform of A on Xj . Then, KXj + Bj + Aj ∼R 0/Z
still holds for every j. As we discussed in Section 2: lifting a sequence of log
flips with scaling and by Lemma 3.8, we can lift the sequence of birational maps
so that after replacing we can assume (Xj/Z,Bj) is dlt. After reindexing we
assume the LMMP/Z on KX2 + B2 with scaling which contains the sequence
does not contract any lc centre. Let S2 be a component of ⌊B2⌋, Sj be the
birational transform of S2 on Xj and let T be the normalisation of the image
of S2 in Z. As we discussed in Section 2: on special termination, the sequence
(S2/T,BS2)→ · · · → (Sj/T,BSj )→ · · ·
can be embedded into a sequence of LMMP/T onKS2+BS2 with scaling of t2CS2
whereKS2+BS2 = (KX2+B2)|S2 and CS2 = C2|S2 . By an inductive assumption,
this LMMP/T terminates since KS2 +BS2 +AS2 ∼R 0/T , which in turn implies
that the LMMP/Z above terminates with a good minimal model/Z thanks to
Theorem 3.3. Hence (X/Z,B) has a good minimal model by [4, Corollary 3.7
and Remark 2.7].
The horizontal case. Now we treat the case when there is an lc centre S ⊂
⌊B⌋ horizontal/Z. For the same reasoning we assume that (KX +B)|Xη ∼R 0.
Run an LMMP/Z on KX + B − ǫ⌊B⌋ for some ǫ ≪ 1 which terminates with
a Mori fibre space g : (Y/Z,BY ) → T . By Theorem 2.2 (Y,BY ) is lc and
KY +BY ∼R 0/T provided that ǫ is sufficiently small. Now let W be a common
log resolution of (X,B) and (Y,BY ), and let (W,BW ) be a log smooth model
of (X,B).
W
p
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ q
!!❈
❈❈
❈❈
❈❈
❈
//❴❴❴ W ′
q′

//❴❴❴ W ′′

X
f

//❴❴❴❴❴❴❴❴ Y
g

T
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠ T
′oo
Z
Run an LMMP/Y on KW + BW . Since q is birational, by Lemma 2.5, we
reach a model (W ′, BW ′) after finitely many steps such that KW ′ +BW ′ +G =
q′∗(KY + BY ) for some exceptional/Y divisor G ≥ 0. Moreover, by Theorem
3.1 in the vertical case we assume that KW ′ +BW ′ is semi-ample/Y .
We use the same argument from the proof of [4, Lemma 6.7] to prove that
(W ′/T,BW ′) has a good minimal model W
′′ → T ′. By replacing (W ′/Y,BW ′)
with its lc model, we can assume that G contains all exceptional/Y divisors.
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By adding a small multiple of G to BW ′ we assume that SuppG ⊆ SuppBW ′
and hence
Suppq′∗⌊BY ⌋ ⊆ (SuppG
⋃
Supp⌊BW ′⌋) ⊆ SuppBW ′
By replacing (W ′/T,BW ′) with a dlt blow-up, we can again assume that (W
′/T,BW ′)
is Q-factorial dlt. Since ⌊BY ⌋ is ample/T , for a sufficiently small number τ , we
write
KW ′ +BW ′ = KW ′ +BW ′ − τq
′∗⌊BY ⌋+ τq
′∗⌊BY ⌋ ∼R KW ′ +∆W ′/T
such that (W ′/T,∆W ′) is klt. By Lemma 3.8 (W
′/T,∆W ′) has a good mini-
mal model which in turn implies that (W ′/T,BW ′) has a good minimal model
(W ′′/T,BW ′′)→ T ′.
Let AW ′ = G+ q
′∗AY . We have KW ′ +BW ′ + AW ′ ∼R 0/Z. Let AW ′′ be the
birational transforms of AW ′ on W
′′. Then, KW ′′ + BW ′′ + AW ′′ ∼R 0/Z and
hence KSW ′′+BSW ′′+ASW ′′ := (KW ′′+BW ′′+AW ′′)|SW ′′ ∼R 0/Z. By adjunction
formula (SW ′′, BSW ′′ +ASW ′′ ) is lc. By an inductive assumption, (SW ′′/Z,BSW ′′)
has a good minimal model which in turn implies that (W ′′/Z,BW ′′) has a good
minimal model by Lemma 3.7. It follows that (X/Z,B) has a good minimal
model by the construction of (W ′′/Z,BW ′′). 
Proof of Theorem 3.2. The argument is similar as above. 
4. Klt pairs and the horizontal case
Proposition 4.1. Let (X,∆ = A+B), f and Z be as in Theorem 1.1. Assume
that (X,∆) is klt. Then, either (X,∆) has a good minimal model or a Mori
fibre space.
Proof. Replacing (X,∆) with a dlt blow-up and f with its Stein factorization,
we can assume that f is a contraction and (X,∆) is Q-factorial dlt. If KX +∆
is not pseudo-effective, then it has a Mori fibre space thanks to [6]. Hence we
assume that KX +∆ is pseudo-effective. Applying a canonical bundle formula
[18, Theorem 3.1] there exists a boundary BZ such that (Z,BZ) is klt and
KX + B ∼R f
∗(KZ + BZ). By [6], (Z,∆Z = AZ + BZ) has a good minimal
model g : (Z ′,∆Z′)→ T .
We show that KX + ∆ birationally has a Nakayama-Zariski decomposition
with semi-ample positive part which in turn implies the existence of good log
minimal model of (X,∆) by [7]. To this end, let Z
pZ←− Z˜
qZ−→ Z ′ be a common
resolution. In addition, we let p : X˜ −→ X be a resolution such that the
rational map f˜ : X˜ 99K Z˜ is a morphism. Now we have the commutative
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diagram as follows.
X
f

X˜
f˜

p
oo
Z Z˜
pZ
oo
qZ
// Z ′
g

T
Consider the Nakayama-Zariski decomposition p∗Z(KZ +∆Z) = P +N and put
G = p∗(KX + B) − f˜ ∗(P + N) ∼R 0. It follows that f˜ ∗N ≤ Nσ(p∗(KX +
∆)) because N is exceptional/Z ′ and hence f˜ ∗N is very exceptional/Z ′ by [22,
Lemma 2.16]. On the other hand, f˜ ∗P + G ≤ Pσ(p∗(KX + ∆)) because P is
semi-ample which forces that Pσ(p
∗(KX +∆)) = f˜
∗P is semi-ample. 
Theorem 4.2. Let (X,∆ = A + B), f and Z be as in Theorem 1.1. Assume
that Theorem 1.1 holds in dimension n− 1 and that there exists an lc centre of
(X,B) which is horizontal/Z. Then either (X,∆) has a good minimal model or
a Mori fibre space.
Proof. Replacing (X,∆) with a dlt blow-up and f with its Stein factorization,
we can assume that f is a contraction and (X,∆) is Q-factorial dlt. If KX +∆
is not pseudo-effective, then it has a Mori fibre space thanks to [6]. Hence we
assume that KX +∆ is pseudo-effective. By assumption there is an irreducible
component S ⊆ ⌊B⌋ which is horizontal/Z. Let S → Z ′ → Z be the Stein
factorization, DZ be a divisor defined by f
∗DZ = KX +B, and let D
′
Z , A
′
Z be
the pull-backs of DZ , AZ on Z
′ respectively. By the inductive assumption and
Proposition 4.1, (S,∆S) has a good minimal model whereKS+∆S = (KX+∆)|S
which in turn implies thatDZ+AZ is abundant thanks to [39, Chapter II Lemma
3.11 and Chapter V 2.7 Proposition (4)]. In particular, (S,∆S) has the lc model
which is the ample model of D′Z +A
′
Z , and KX +∆ is abundant since DZ +AZ
is abundant.
Now we prove that DZ +AZ has the ample model which is also the lc model
of (X,∆). To this end, we show that DZ + AZ birationally has a Nakayama-
Zariski decomposition with semi-ample positive part. Let Z
′
be a resolution of
Z ′ such that Pσ(AZ′+DZ′) is semi-ample where AZ′ and DZ′ are the pull-backs
of AZ′ and DZ′ on Z
′
respectively. By [39, Chapter III 5.18 Corollary] there is a
birational morphism Z → Z such that Pσ(AZ+DZ) is semi-ample where AZ and
DZ are the pull-backs of AZ and DZ respectively. Let T
′′ be the ample model of
Pσ(AZ+DZ). By a similar argument in the proof of Proposition 4.1, we deduce
that T ′′ is the lc model of (X,∆), which in turn implies the conclusion. 
The theorems above has settled the klt case and the horizontal case. As we
are about to deal with the vertical case, we prove a slightly generalised result
of Proposition 4.1 which admits a more flexible assumption on the relative
triviality.
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Corollary 4.3. Let (X,∆ = A + B) be a projective lc pair of dimension n
where A, B ≥ 0, f : (X,∆)→ Z be a surjective morphism to a normal variety
such that KX +B ∼R 0/U for some open subset U ⊆ Z, and let A ∼R f
∗AZ be
the pull-back of an ample divisor AZ . Assume that U contains the image of the
generic points of all lc centres of (X,B). If either (X,B) is klt or Theorem 1.1
holds in dimension n, then either (X,A + B) has a good minimal model or a
Mori fibre space.
Proof. Replacing (X,∆) with a dlt blow-up and f with its Stein factorization,
we can assume that f is a contraction and (X,∆) is Q-factorial dlt. If KX +∆
is not pseudo-effective, then it has a Mori fibre space thanks to [6]. Hence we
assume that KX +∆ is pseudo-effective. Replacing AZ with a general member
of |AZ |R, we can assume that ⌊A + B⌋ = ⌊B⌋. Run an LMMP/Z on KX + B
which terminates with a good minimal model g : (X ′/Z,B′) → T thanks to
Theorem 3.2. Since KX + B ∼R 0/U , dimT = dimZ and h : T → Z is a
birational morphism.
It is enough to prove that (X ′, A′ +B′) has a good minimal model where A′
is the pull-back of AZ . To this end, observe that the birational map X 99K
X ′ does not intersect with f−1U and so, the birational morphism induces an
isomorphism on the inverse image of U .
X
f

//❴❴❴ X ′
g

T
h~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
Z
Moreover, if we pick a sufficiently small number ǫ > 0, then
KX′ + A
′ +B′ ∼R (1− ǫ)(KX′ +B) + (A
′ + ǫ(KX′ +B
′))
∼R (1− ǫ)(KX′ +B +
1
1− ǫ
(A′ + ǫ(KX′ +B
′)))
where 1
1−ǫ
(A′ + ǫ(KX′ +B
′)) is R-linear to the pull-back of some ample divisor
on T . By the assumption that either (X,B) is klt or Theorem 1.1 holds for
dimension n, the conclusion follows from Lemma 4.1. 
5. The vertical case
Setup (∗): Replacing (X,∆ = A+B) with a dlt blow-up and f with its Stein
factorization, we can assume that f is a contraction and (X,∆) is Q-factorial
dlt. If KX +∆ is not pseudo-effective, then it has a Mori fibre space thanks to
[6]. Hence we assume that KX + ∆ is pseudo-effective. Replacing AZ with a
general member of |AZ|R, we can assume that ⌊A + B⌋ = ⌊B⌋. Suppose that
⌊B⌋ is vertical/Z and is denoted by P .
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Definition 5.1 Let X be a normal projective variety and D be a pseudo-
effective divisor on X . We define the non-nef locus of D to be the set
NNF(D) := {cX(v)|σv(‖D‖) > 0}
where v runs over all discrete valuations of X , σv denotes the numerical asymp-
totic vanishing order and cX denotes the centre of the valuation.
Lemma 5.2. Let f : Y −→ X be a surjective morphism of normal projective
varieties with connected fibres, and D be a pseudo-effective divisor on X. We
have the following equation on non-nef loci
NNF(f ∗D) = f−1NNF(D).
Proof. This follows directly from [39, Chapter III, 5.15 Lemma]. 
Remark 5.3 It is already known that the non-nef locus coincides with the
restricted base locus on a smooth variety (or with klt type singularities). Read-
ers can consult [10] for details. An analogue in positive characteristic is proved
in [38]. However, it remains an open question in the general case.
Lemma 5.4. Let (X,∆ = A + B), f and P be as in Setup (∗). Assume that
KX + ∆ is pseudo-effective. Let H be an ample divisor on X, δ > 0 be a
sufficiently small number and let (W,∆W + δHW ) be a good minimal model of
(X,∆ + δH). Assume further that Theorem 1.1 holds for dimension ≤ n − 1.
Then, KW + ∆W is semi-ample on every lc centre, that is, (KW + ∆W )|S is
semi-ample for every lc centre S of (W,∆W ).
Proof. By replacing H with a large multiple, we can assume that KX +∆+H
is ample. Again by replacing H with a general member of |H|R, we can assume
that (X,∆+H) is dlt. Now run an LMMP on KX +∆+ δH with scaling of H
which terminates with a good minimal model by [6]. We assume this LMMP
ends with (W,∆W + δHW ). Because NNF(KX +∆+ δH) ⊆ NNF(KX +∆) is
a closed subset, f(NNF(KX +∆+ δH)) ⊆ f(NNF(KX +∆)). By Lemma 5.2,
f(NNF(KX +∆+ δH)) is a proper closed subset. If δ is sufficiently small, then
NNF(KX+∆+δH) contains every lc centre which is contained in NNF(KX+∆).
If we choose an open subset V ⊆ Z \f(NNF(KX+∆+δH)) of Z and denote its
inverse image on X by U , then the birational map X 99KW is an isomorphism
on U . We assume that UW contains the generic points of all lc centres of
(W,∆W ) where UW is the open subset of W which is isomorphic to U .
If KW + ∆W is not nef on some lc centre, then we again run an LMMP on
KW +∆W with scaling of δHW where HW is the birational transform of H .
(W,∆W ) = (W1,∆W1) 99K · · · 99K (Wk,∆Wk) 99K (Wk+1,∆Wk+1) 99K . . .
We claim that the LMMP above terminates near ⌊∆Wk⌋ for k ≫ 0. Moreover,
KWk +∆Wk is semi-ample on every lc centre. We therefore conclude the lemma
by replacing δ with some smaller positive number.
To this end, let SW be an lc centre of (W,∆W ), S be the corresponding lc
centre of (X,∆) and S˜W be a common log resolution of (S,∆S) and (SW ,∆SW ).
We pick a divisor ∆
S˜W
so that (S˜W ,∆S˜W ) is a log smooth model of (SW ,∆SW ).
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Replacing W with Wk for k ≫ 0 and by induction we can assume that the
original LMMP induces an LMMP on KSW +∆SW with scaling of δHSW where
HSW = HW |SW . Consider the following commutative diagram
S˜W
p
⑦⑦
⑦⑦
⑦⑦
⑦⑦ q
!!❇
❇❇
❇❇
❇❇
❇
S
f

//❴❴❴❴❴❴❴❴ SW
T
where T is defined by the Stein factorization S → T → Z.
We denote the restriction of U to S by US, the restriction of UW to SW by
USW and the restriction of V to T by VT . Then, US is isomorphic to USW , and
hence we assume that U
S˜W
is also isomorphic to US where US˜W is the inverse
image of US. It follows that KS˜W + ∆S˜W ∼R 0/VT . By the construction of W
we have π∗A ≤ π∗WAW for any common resolution X
π
←− W˜
πW−−→W where AW is
the birational transform of A. We therefore deduce that p∗AS ≤ q∗ASW where
AS = A|S and ASW = AW |SW . It is easy to check that ∆S˜W ≥ ǫq
∗ASW for some
sufficiently small number ǫ > 0 and hence ∆
S˜W
≥ ǫp∗AS. Then, (S˜W ,∆S˜W )
has a good minimal model thanks to Corollary 4.3 and hence (SW ,∆SW ) has a
good minimal which in turn implies that the induced LMMP on KSW + ∆SW
terminates and KSWk +∆SWk is semi-ample for k ≫ 0. 
5.5. The pseudo-effective case. We treat the case when KX + ∆ − ǫP is
pseudo-effective for every sufficiently small number ǫ > 0.
Lemma 5.6. Let (X,∆ = A + B), f and P be as in Setup (∗). Assume that
KX +∆− ǫP is pseudo-effective for all sufficiently small numbers ǫ > 0. Then,
(X,∆) and P induces a sequence of log birational models (Xj ,∆j) of (X,∆)
together with a sequence of birational maps
(X2,∆2) 99K (X3,∆3) 99K · · · 99K (Xj,∆j) 99K · · ·
for j ≥ 2 such that
• the sequence can be embedded into a sequence of LMMP on KX2 +B2 with
scaling of some divisor t2C2, and lim
j→∞
tj = 0 where tj’s are the coefficients
appeared in the LMMP with scaling, where C2 ∼R KX2 + ∆2 − ǫP2 for some
small number ǫ > 0, a divisor P2 ≥ 0 and SuppP2 = ⌊∆2⌋;
• the LMMP above consists of only log flips which does not contract any lc
centre;
• for every j, (Xj ,∆j = Aj+Bj) is Q-factorial dlt where Aj ≥ 0, ⌊Aj+Bj⌋ =
⌊Bj⌋ and for any common resolution X
π
←− Xj
ρ
−→ Xj, we have π∗A ≤ ρ∗Aj;
• for every j, there exist a nonempty open subset Vj ⊂ Z, U ′j = f
−1Vj ⊂ X
and an open subset Uj ⊂ Xj such that, there is a common resolution U ′j
pj
←−
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Uj
qj
−→ Uj of Uj and U ′j with pj, qj surjective, and
p∗j((KX +∆)|U ′j) = q
∗
j ((KXj +∆j)|Uj);
• there exists a divisor C ≥ 0 on X such that for every j ≥ 2 and any prime
divisor Γ over X, we have the equation
a(Γ, X,∆+ tjC) + σΓ(KX +∆+ tjC) = a(Γ, Xj ,∆j + tjCj).(5.6.1)
From Equation (5.6.1), one deduces that if Γ is a prime divisor over X with
a(Γ, Xj,∆j) = 0, then a(Γ, X,∆) = 0 and σΓ(KX +∆) = 0;
• there is a Q-factorial dlt blow-up h : (X ′,∆′) → (X,∆) such that the
birational contraction X ′ 99K Xj is an isomorphism at the generic point of
every lc centre of (Xj ,∆j).
In particular, if the LMMP above terminates, then it ends with a weak lc
model (Y,∆Y ) of (X,∆).
Proof. Pick a sequence of sufficiently small positive numbers ǫ1 > ǫ2 > . . . >
ǫj > . . . such that limj→∞ ǫj = 0, and for each j we run an LMMP on KX +
∆ − ǫjP which terminates with a good minimal model (Xj,∆j − ǫjPj = Aj +
Bj − ǫjPj) by Corollary 4.3. We denote by φj : X 99K Xj the birational maps.
As we pointed out in Section 2: a special LMMP, we assume that all Xj’s are
isomorphic in codimension one and all (Xj ,∆j) are Q-factorial lc by ACC for
log canonical thresholds Theorem 2.1. Let C1 ∼R KX1 +∆1 − ǫ1P1. Then, we
can run an LMMP on KX2 +∆2 with scaling of t2C2 where t2 =
ǫ2
ǫ1−ǫ2
such that
for each j the pair (Xj ,∆j) appears in this process.
(X2,∆2) 99K (X3,∆3) 99K · · · 99K (Xj,∆j) 99K · · ·
Note that KXj +∆j + tjCj is semi-ample where tj =
ǫj
ǫ1−ǫj
. Since tj approaches
zero as we run this program, we assume further the LMMP above does not
contract any lc centres of (Xj ,∆j) for every j after a possible reindexing.
For every j, we prove that there exists a nonempty open subset Vj ⊂ Z such
that there is an open subset Uj ⊂ Xj containing every lc centre of (Xj ,∆j), for
any common resolution U ′j
pj
←− Uj
qj
−→ Uj of Uj and U ′j = f
−1Vj, and we have
p∗j((KX +∆)|U ′j) = q
∗
j ((KXj +∆j)|Uj);
To this end, we claim that the closed subset NNF(KX +∆− ǫjP ) is vertical/Z,
which implies that the birational map X 99K Xj induces an isomorphism on
the inverse image of a nonempty open subset V of Z as long as V is outside
f(NNF(KX + ∆ − ǫjP )). In fact, if we run an LMMP/Z on KX + ∆ − ǫjP ,
then it terminates with a good minimal model (X ′′/Z,∆′′ − ǫjP
′′) → Z ′. We
get a commutative diagram
X
f

//❴❴❴❴❴❴ X ′′
f ′

Z Z ′oo
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where the bottom arrow is birational and KX′′ +∆
′′ − ǫjP ′′ ∼R 0/Z ′. It turns
out that NNF(KX +∆− ǫjP ) is vertical/Z.
As we want to lift the LMMP constructed above to dlt pairs (see Section 2:
lifting a sequence of log flips with scaling), we study the lc centres of (Xj,∆j)
for j ≥ 2. Let Sj be an lc centre of (Xj ,∆j) and the prime divisor Γ be a
corresponding divisor over Xj with centre at Sj . We have that a(Γ, Xk,∆k) = 0
for all k since the LMMP does not contain any lc centre as we assumed before.
Let 0 ≤ C ∼R KX +∆ − ǫ1P such that φ1,∗C = C1. For any prime divisor Γ,
by comparing log discrepancies we have the following equation
a(Γ, X,∆+ tjC) + σΓ(KX +∆+ tjC) = a(Γ, Xj ,∆j + tjCj).
The equation forces a(Γ, X,∆) = 0 and σΓ(KX +∆) = 0 since tj can be chosen
arbitrary small. Note that (X,∆ + tjC) is not necessarily log canonical but
Equation (5.6.1) always holds since Xj is Q-factorial. Therefore the centre of
Γ on X is an lc centre S with S * NNF(KX +∆) as we assumed that (X,∆)
is Q-factorial dlt. Now we lift the LMMP to a sequence of birational maps
(X ′2,∆
′
2) 99K (X
′
3,∆
′
3) 99K · · · 99K (X
′
j,∆
′
j) 99K
which can be embedded into a partial LMMP as we discussed in Section 2. Be-
cause the original LMMP does not contract any lc centre, all X ′j are isomorphic
in codimension one. Let P ′j and C
′
j be the pull-backs of Pj and Cj respectively.
Moreover, let A′j be the birational transform A˜j, and B
′
j be B˜j + E where B˜j
is the birational transform and E is the reduced exceptional/Xj divisor. Note
that (X ′j ,∆
′
j − ǫjP
′
j) is not necessarily a log minimal model of (X,∆ − ǫjP ).
However, Equation (5.6.1) still holds for (X,∆) and (X ′j,∆
′
j). It is not hard
to verify that the sequence of birational maps previously constructed satisfies
all desired properties. Also note that C ′k and P
′
k are birational tranforms of C
′
j
and P ′j respectively for arbitrary j, k ≥ 2 because the LMMP constructed above
does not contain any lc centre.
Finally we show the existence of such dlt blow-up (X ′,∆′). LetX
p
←− X
q
−→ X2
be a common log resolution, and let ∆, Ω be boundaries such that (X,∆) and
(X,Ω) are log smooth models of (X,∆) and (X2,∆2) respectively. We can
assume that (X ′2,∆
′
2) is a log minimal model of (X/X2,Ω). Since X 99K X
′
2 is
a sequence of steps of KX+Ω-MMP, it is an isomorphism at the generic point of
every lc centre of (X ′2,∆
′
2). Let (X
′,∆′) be a log minimal model of (X/X,∆).
We deduce the required property from Equation 5.6.1.
By replacing (Xj,∆j) with (X
′
j,∆
′
j), we conclude the lemma. By comparing
log discrepancies, if the LMMP terminates, then it ends with a weak lc model
(Y,∆Y ) of (X,∆). 
Theorem 5.7. Let (X,∆ = A+B), f and P be as in Setup (∗). Assume that
Theorem 1.1 holds for dimension ≤ n − 1 and that KX + ∆ − ǫP is pseudo-
effective for any sufficiently small number ǫ > 0. Then, (X,∆) has a good
minimal model.
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Proof. Step 1. We construct a sequence of birational maps
(X2,∆2) 99K (X3,∆3) 99K · · · 99K (Xj,∆j) 99K · · ·
which satisfies the conditions listed in Lemma 5.6. Replacing (X,∆) with a
suitable dlt blow-up we can assume the birational contraction X 99K Xj is an
isomorphism at the generic point of every lc centre of (Xj ,∆j). Pick some j ≥ 2.
Now we take a common log resolution Wj of (X,∆) and (Xj,∆j), and write
KWj + ∆Wj = p
∗
j (KX + ∆) + EWj where pj : (Wj ,∆Wj) → X is a log smooth
model of (X,∆). It is easy to see that if Γ is an irreducible component of EWj ,
then a(Γ, Xj,∆j) > 0. In fact, if a(Γ, Xj,∆j) = 0, then a(Γ, X,∆) = 0 and
σΓ(KX+∆) = 0 by Lemma 5.6. Next we run an LMMP/Xj onKWj+∆Wj which
terminates with a good minimal model (Wj/Xj,∆Wj ) since Xj is Q-factorial
thanks to Lemma 2.5 and Theorem 3.1.
(Wj ,∆Wj)
gj

pj
yyss
ss
ss
ss
ss qj
&&▼
▼
▼
▼
▼
▼
(X,∆)
φj &&▲
▲
▲
▲
▲
(Wj ,∆Wj)
gj
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣
(Xj ,∆j)
We write KWj +∆Wj +Gj = g
∗
j (KXj +∆j) where gj : Wj → Xj is a morphism,
Gj ≥ 0 is exceptional/Xj . We note that EWj is exceptional/Wj . Also note that
Gj contains no lc centre of (Wj ,∆Wj +Gj) in its support. Otherwise there was
a prime divisor Γ over Xj with a(Γ, Xj ,∆j) = 0 and a(Γ,Wj,∆Wj) > 0. By
Lemma 5.6 we have a(Γ, X,∆) = 0 and σΓ(KX + ∆) = 0. Therefore we have
a(Γ,Wj,∆Wj) = 0 and σΓ(KWj+∆Wj ) = 0, and it follows that a(Γ,Wj ,∆Wj) =
0 which is a contradiction. Note that by suitably choosing Wj we can assume
the birational map X 99K Wj is a birational contraction. Because the set of
exceptional/Xj prime divisors on X is finite. If we suitably choose j, then we
can assume that the reduced divisor on X which is contracted by X 99K Wj
coincides with that contracted by X 99KWk for infinitely many k.
Step 2. Fix some index j ≥ 2. We now prove that KWj + ∆Wj is movable,
that is, Nσ(KWj +∆Wj ) = 0. As we assumed in Step 1, for infinitely many k,
the birational map Wj 99KWk is an isomorphism in codimension one. For such
k, if Γ is an exceptional/Xj divisor on Wj , then from the equation
ordΓGk = a(Γ,Wk,∆Wk)− a(Γ, Xk,∆k) = a(Γ, X,∆)− a(Γ, Xk,∆k)
and Equation (5.6.1) we have
ordΓGk + tkordΓCk = tkordΓC − σΓ(KX +∆+ tkC).(5.7.1)
This equation forces ordΓGk + tkordΓCk converges to zero as k tends to the
infinity. We note that Nσ(KWj + ∆Wj + Gk,Wj + tk(g
∗
kCk)Wj) = 0 where Gk,Wj
and (g∗kCk)Wj are the birational transforms of Gk and g
∗
kCk on Wj, which in
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turn implies that Nσ(KWj + ∆Wj ) = 0. Therefore the birational contraction
X 99KWj contracts precisely Nσ(KX +∆).
Step 3. Now let Dj = Gj + tjg
∗
jCj . We claim that one can run an LMMP
on KWj + ∆Wj with scaling of Dj such that λ = lim
k→∞
λk = 0 where λk are the
coefficients appeared in the process of the LMMP. To this end, as we discussed
in Section 2: decreasing the coefficients appeared in LMMP with scaling, it
is enough to prove that (Wj ,∆Wj + λDj) has a good minimal model for each
0 < λ ≤ 1 thanks to [4, Theorem 1.9]. We write
Dj = Gj + tjg
∗
jCj
∼R Gj + tj(KWj +∆Wj +Gj − ǫg
∗
jPj)
For each λ ≤ 1 we have
KWj +∆Wj + λDj
∼R KWj +∆Wj + (λ− δ)(Gj + tjg
∗
jCj) + δjGj + δjtj(KWj +∆Wj +Gj − ǫg
∗
jPj)
∼R (1 + δtj)(KWj +∆Wj +
λ+ δtj
1 + δtj
Gj +
(λ− δ)tj
1 + δtj
g∗jCj −
δtjǫ
1 + δtj
g∗jPj)
where δ ≪ 1. Note that g∗jPj contains all lc centres of (Wj ,∆Wj) because Pj
contains all lc centres of (Xj ,∆j) and Gj does not contain any lc centre. Now
temporarily replacing (Wj,∆Wj) with the lc model/Xj and later recovering it,
we can assume that Gj contains all components of the reduced exceptional/Xj
divisor. If we write
∆λWj = ∆Wj +
λ+ δtj
1 + δtj
Gj +
(λ− δ)tj
1 + δtj
g∗jCj −
δtjǫ
1 + δtj
g∗jPj,
then (Wj ,∆
λ
Wj
) is klt since ∆λWj ≥ 0, provided that δ ≪ 1. So it is enough
to prove that (Wj ,∆
λ
Wj
) has a good minimal model for each λ > 0. To this
end, replacing W j we assume qj is a morphism and we write KW j + ∆
λ
W j
=
q∗j (KWj + ∆
λ
Wj
) + Eλ where ∆λWj , E
λ ≥ 0 has no common components. It is
obvious that that the log smooth pair (W j ,∆
λ
W j
) is klt.
(Wj ,∆
λ
Wj
)
pj
yytt
tt
tt
tt
tt qj
&&▼
▼▼
▼▼
▼▼
▼▼
▼
gj

(X,∆)
φj %%▲
▲
▲
▲
▲
f

(Wj ,∆
λ
Wj
)
gj
xx♣♣
♣♣
♣♣
♣♣
♣♣
(Xj ,∆j)
Z
By Lemma 5.6, there exist a nonempty open subset V ⊂ Z and an open subset
Uj ⊂ Xj such that, for any common resolution U
p′j
←− Uj
q′j
−→ Uj of Uj and
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U = f−1V with p′j, q
′
j surjective, we have
p′∗j ((KX +∆)|U) = q
′∗
j ((KXj +∆j)|Uj).
By the construction of Wj, possibly after shrinking V we have
p∗j((KX +∆)|U) + E
′
Wj
|Uj = q
∗
j ((KWj +∆Wj)|g−1j Uj )
= (gj ◦ qj)
∗((KXj +∆j)|Uj)− q
∗
jGj|Uj
where 0 ≤ E ′
Wj
≤ EWj and Uj = p
−1
j U . Hence E
′
Wj
|Uj = Gj |Uj = 0 which in
turn implies that gj is an isomorphism on the inverse image of Uj and
p∗j((KX +∆)|U) = q
∗
j ((KWj +∆Wj )|g−1j Uj);
Since P is vertical/Z, one deduces that (gj ◦qj)
∗Pj|(Wj)η = 0 on the generic fibre
(Wj)η of f ◦ pj , and hence (gj ◦ qj)∗Cj|(Wj)η ∼R 0 which in turn implies that
(KW j +∆
λ
Wj
)|(Wj)η ∼R E
λ|(Wj)η = Nσ((KW j +∆
λ
Wj
)|(Wj)η).
Since ∆Wj + Gj ≥ ιg
∗
jAj for some sufficiently small number ι > 0, by the
construction of ∆λWj and adding a small multiple of exceptional/Wj divisors we
have ∆λ
Wj
≥ ι′(gj ◦ qj)∗Aj ≥ ι′p∗jA for some sufficiently small number ι
′ ≪ ι.
Then, the klt pair (W j ,∆
λ
W j
) has a good minimal model by [7] and Corollary
4.3 which in turn implies that (Wj ,∆
λ
Wj
) has a good minimal model. This
completes the argument for our claim.
Step 4. Let H be an ample divisor on X and pick a sufficiently small number
δ2 > 0. Let (W,∆W + δ2HW ) be a good minimal model of (X,∆ + δ2H). By
Lemma 5.4, KW +∆W is semi-ample on every lc centre. Because KWj +∆Wj is
movable, W is isomorphic to Wj in codimension one. We show that the LMMP
on KWj + ∆Wj with scaling of Dj terminates near ⌊∆W ′k⌋ after finitely many
steps.
(Wj,∆Wj) = (W
′
j,∆W ′j ) 99K · · · 99K (W
′
k,∆W ′k) 99K · · ·
To this end, consider an lc centre SWj of (Wj ,∆Wj). We write D = Dj and
DW ′
k
, DW as its birational transforms on W
′
k,W . Because (W
′
k,∆W ′k + λkDW ′k)
is a good minimal model of (W,∆W + λkDW ), and (W,∆W + δ2HW ) is a good
minimal model of (W ′k,∆W ′k+δ2HW ′k), for any common resolutionW
′
k
ψk←− W˜k
φk−→
W , we have the following inequalities
ψ∗k(KW ′k +∆W ′k + δ2H
′
Wk
) ≥ φ∗k(KW +∆W + δ2HW )
and
ψ∗k(KW ′k +∆W ′k + λkDW ′k) ≤ φ
∗
k(KW +∆W + λkDW ).
As we discussed in Section 2: on special termination and by induction, the
original LMMP induces an LMMP on KSW ′
k
+ ∆SW ′
k
with scaling for k ≫ 0,
where SW ′
k
is the birational transform of SWj . Since the birational map W 99K
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W ′k is an isomorphism at the generic point of every lc centre, by restriction we
obtain that
a(Γ, SW ′
k
,∆SW ′
k
+ δ2HSW ′
k
) ≤ a(Γ, SW ,∆SW + δ2HSW )
and
a(Γ, SW ′
k
,∆SW ′
k
+ λkDSW ′
k
) ≥ a(Γ, SW ,∆SW + λkDSW )
for every prime divisor Γ over SW . Because δ2 can be chosen arbitrary small,
we have
a(Γ, SW ′
k
,∆SW ′
k
) ≤ a(Γ, SW ,∆SW ).
It follows that
0 ≤ a(Γ, SW ,∆SW )− a(Γ, SW ′k ,∆SW ′
k
) ≤ λk(ordΓDSW − ordΓDSW ′
k
).
As we pointed out earlier, the sequence of birational maps
· · · 99K (SW ′
k
,∆SW ′
k
) 99K (SW ′
k+1
,∆SW ′
k+1
) 99K · · ·
can be embedded into sequence of log flips. If Γ is a prime divisor on SW ′
k
, then
a(Γ, SW ′
k
,∆SW ′
k
) = a(Γ, SW ′
l
,∆SW ′
l
) and ordΓDSW ′
k
= ordΓDSW ′
l
for l > k which
in turn implies that a(Γ, SW ,∆SW ) = a(Γ, SW ′k ,∆SW ′
k
). If Γ is a prime divisor on
SW , then λk(ordΓDSW − ordΓDSW ′
k
) converges to zero as k tends to the infinity
which gives a(Γ, SW ,∆SW ) − a(Γ, SW ′k ,∆SW ′
k
) ≤ σΓ(KSW ′
k
+ ∆SW ′
k
). Therefore
by Lemma 2.9 we deduce that (SW ′
k
,∆SW ′
k
) has a good minimal model which
in turn implies that the LMMP on KWj + ∆Wj with scaling of Dj terminates
near SW ′
k
. Moreover, since KSW + ∆SW is semi-ample, KSW ′
k
+ ∆SW ′
k
is also
semi-ample for k ≫ 0. We continue this argument by induction on dimension
and conclude that the LMMP on KWj+∆Wj with scaling of Dj terminates near
⌊∆W ′
k
⌋, and that KW ′
k
+∆W ′
k
is semi-ample on every lc centre for k ≫ 0.
Step 5. Let l, k ≫ 0. If W˜kl is a common resolution of W ′k and Wl,
W˜kl
ρ′
k
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤ ρl
  ❆
❆❆
❆❆
❆❆
❆
W ′k
//❴❴❴❴❴❴❴❴
g′
kl
((◗
◗◗
◗◗
◗◗
◗◗
Wl
gl

Xl
then by Negativity Lemma
ρ′∗k (KW ′k +∆W ′k + λkDW ′k) ≤ ρ
∗
l (KWl +∆Wl + λkDWl)
where DWl is the birational transform of DW ′k (by abuse of notations) which is
also the birational transform of Dj . On the other hand, by Negativity Lemma
ρ′∗k ((KW ′k +∆W ′k +Dl,W ′k) ≥ ρ
∗
l (KWl +∆Wl +Dl)
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where Dl,W ′
k
is the birational transform of Dl. Let Sl be an lc centre of (Xl,∆l),
and let SW ′
k
, SWl be corresponding lc centres of (W
′
k,∆W ′k), (Wl,∆Wl) so that the
commutative diagram of birational maps above induces a commutative diagram
of birational maps.
SW ′
k
//❴❴❴❴❴❴
g′
kl
''◆
◆
◆
◆
◆
◆
◆
SWl
gl

Sl
By restriction we obtain the following inequalities
a(Γ, SW ′
k
,∆SW ′
k
+ λkDSW ′
k
) ≥ a(Γ, SWl,∆SWl + λkDSWl )(5.7.2)
where DSWl = DWl|SWl and
a(Γ, SW ′
k
,∆SW ′
k
+Dl,SW ′
k
) ≤ a(Γ, SWl,∆SWl +Dl,SWl )(5.7.3)
where Dl,SW ′
k
= Dl,W ′
k
|SW ′
k
for any prime divisor Γ over S. From Inequality
(5.7.2) we deduce that
λk(ordΓDSW ′
k
− ordΓDSWl ) ≤ a(Γ, SW ′k ,∆SW ′k
)− a(Γ, SWl,∆SWl ).
Because the LMMP on KWj + ∆Wj terminates near ⌊∆W ′k⌋ (by Step 4), we
have ordΓDSW ′
k
= ordΓDSW ′m
and a(Γ, SW ′
k
,∆SW ′
k
) = a(Γ, SW ′m ,∆SW ′m
) for every
integer m > k which in turn implies that
a(Γ, SW ′
k
,∆SW ′
k
) ≥ a(Γ, SWl,∆SWl )(5.7.4)
for every prime divisor Γ over S. On the other hand, from Inequality (5.7.3)
we deduce that
0 ≤ a(Γ, SW ′
k
,∆SW ′
k
)− a(Γ, SWl,∆SWl ) ≤ ordΓDl,SW ′k
− ordΓDl,SWl .
If Γ is a prime divisor on SW ′
k
, then by Equation (5.7.1) the coefficients of Dl,W ′
k
converge to zero as l tends to infinity which implies that ordΓDl,SW ′
k
converges
to zero as l tends to infinity. In particular, ordΓDl,SWl converges to zero as l
tends to infinity.
Step 6. We show that KXl +∆l is semi-ample on every lc centre of (Xl,∆l)
for l ≫ 0 which completes the whole proof. To this end, let Sl be an lc centre
of (Xl,∆l), and consider the following commutative diagram.
SW ′
k
//❴❴❴
g′
kl !!❉
❉
❉
❉
SWl
gl

//❴❴❴ SWl+1
gl+1

//❴❴❴ · · ·
Sl //❴❴❴❴ Sl+1 //❴❴❴ · · ·
As we pointed out in the previous step, if Γ is a prime divisor on SW ′
k
, then
a(Γ, SW ′
k
,∆SW ′
k
) ≤ a(Γ, SWl,∆SWl ) + ordΓDl,SW ′k
− ordΓDl,SWl(5.7.5)
= a(Γ, Sl,∆Sl) + ordΓDl,SW ′
k
− tlordΓCl,SWl
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where Cl,SWl = (g
∗
l Cl)|SWl = g
∗
l (Cl|Sl). Since ordΓDl,SW ′
k
−tlordΓCl,SWl converges
to zero as l tends to infinity, we have that a(Γ, SW ′
k
,∆SW ′
k
) − a(Γ, Sl,∆Sl) ≤
σΓ(KSl + ∆Sl). Hence by combining Inequalities (5.7.4), (5.7.5) and Lemma
2.9, (Sl,∆Sl) has a good minimal model which in turn implies that the LMMP
on KXj + ∆j terminates near Sl and KSl + ∆Sl is semi-ample for l ≫ 0. We
continue this argument by induction on dimension and conclude that the LMMP
on KXj + ∆j terminates near ⌊∆l⌋ and KXl + ∆l is semi-ample on every lc
centre of (Xl,∆l) for l ≫ 0. By Lemma 5.6 and Theorem 3.3 we obtain the
conclusion. 
5.8. The non-pseudo-effective case.
Theorem 5.9. Let (X,∆ = A + B), f and Z be as in Setup (∗). Assume
Theorem 1.1 holds for dimension n − 1. Assume further that KX + ∆ − ǫP
is not pseudo-effective for any sufficiently small number ǫ > 0. Then, either
(X,∆) has a good minimal model or a Mori fibre space.
Proof. Step 1. Since KX +∆− ǫP is not pseudo-effective for ǫ≪ 1, we run an
LMMP on KX+∆−ǫP with scaling of an ample divisor which terminates with
a Mori fibre space g : (X ′,∆′) → Y by [6]. Because ǫ can be chosen arbitrary
small, we obtain that (X ′,∆′) is Q-factorial lc and KX′ +∆′ ∼R 0/Y by ACC
for numerically trivial pairs Theorem 2.2. Let W be a common log resolution
of (X,∆) and (X ′,∆′),
(W,∆W )
p
yyss
ss
ss
ss
ss q
&&▲
▲▲
▲▲
▲▲
▲▲
▲
(X,∆)
f

//❴❴❴❴❴❴❴❴❴❴ (X ′,∆′)
g

Z Y
and write KW +∆W = p
∗(KX +∆)+E where (W,∆W ) is a log smooth model
of (X,∆). We can run an LMMP/Y on KW + ∆W which terminates with a
good minimal model. To see this, we first run an LMMP/X ′ on KW + ∆W
and by Lemma 2.5 after finitely many steps we reach a model W ′ on which
KW ′ +∆W ′ + G ∼R 0/Y for some divisor G ≥ 0. Because KX + ∆ is pseudo-
effective, KW ′+∆W ′ is also pseudo-effective and hence G is vertical/Y . Then, by
Theorem 3.1 we run an LMMP/Y on KW ′+∆W ′ which terminates with a good
minimal model, after replacing, which is again denoted by g′ : (W ′,∆W ′)→ Y
′.
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Now consider the following commutative diagram.
(W,∆W )
q

p
yyss
ss
ss
ss
ss
φ
//❴❴❴ (W ′,∆W ′)

(X,∆)
f

//❴❴❴ (X ′,∆′)
g

Y ′
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
Z Y
Since there exists a component S ′ of ⌊∆′⌋ on X ′ which is horizontal/Y , the
birational transform SW ′ is a component of ⌊∆W ′⌋ which is horizontal/Y . We
denote by S, SW the birational transforms on X,W .
Step 2. By Lemma 5.2 and Proof of Lemma 5.4, there exists a nonempty open
subset V ⊂ Z such that its inverse image U on X contains the generic points
of all lc centres of (X,∆) not contained in NNF(KX + ∆). In particular, U
contains the generic point of S since σSW (KW +∆W ) = σSW ′ (KW ′ +∆W ′) = 0.
By replacing (W,∆W ) we can assume that the birational map φ : W 99KW
′ is
a morphism. Possibly after shrinking V we may assume that φ∗(KW ′+∆W ′) ∼R
E ′/U where 0 ≤ E ′ ≤ E and hence ordΓE ′ = a(Γ, X,∆) − a(Γ,W ′,∆W ′) for
any component Γ of E. If Γ is a prime divisor on W ′, then
a(Γ,W ′,∆W ′) + ordΓE
′ = a(Γ, X,∆).
On the other hand, if Γ is a prime divisor on X , then
a(Γ,W ′,∆W ′) ≥ a(Γ,W,∆W ) = a(Γ, X,∆).
It follows that
φ∗(KW ′ +∆W ′) +N = p
∗(KX +∆) + E
′ + F
where N ≥ 0 is exceptional/W ′, E ′, F ≥ 0 is exceptional/X with N , E ′
and F being simple normal crossing and having no common components. In
addition, N and F are mapped into X\U . We therefore deduce that E ′ + F ≤
Nσ(φ
∗(KW ′ +∆W ′)).
Step 3. Let KSW ′ +∆SW ′ = (KW ′ +∆W ′)|SW ′ . We denote by φS : SW → SW ′
the restriction of φ on SW . Since SW ′ is horizontal/Y
′ and KW ′+∆W ′ ∼R 0/Y ′,
we have
E ′|SW + F |SW ≤ Nσ(φ
∗(KW ′ +∆W ′))|SW
= Nσ(φ
∗
S(KSW ′ +∆SW ′ ))
by a similar argument in the proof of Proposition 4.1.
If we write KSW + Θ = φ
∗
S(KSW ′ + ∆SW ′ ) + L such that (SW ,Θ) is a log
smooth model of (SW ′,∆SW ′ ), then we have
KSW +Θ = p
∗
S(KS +∆S) + E
′|SW + F |SW −N |SW + L.(5.9.1)
We denote by MSW := E
′|SW + F |SW +L. Since MSW ≤ Nσ(KSW +Θ), we can
decrease the coefficients of Θ as well as the coefficients of MSW so that Θ and
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MSW have no common components. It turns out that, if we write
pS,∗Θ+ pS,∗(N |SW ) = ∆S + pS,∗MSW ,
then pS,∗MSW ≤ pS,∗(N |SW ).
S ′W
f ′′

✵
✵✵
✵✵
✵
✵✵
✵✵
✵✵
✵✵
✵
p′S
  ❆
❆❆
❆❆
❆❆
❆
SW
qS

pS
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
φS
//
ψS
oo❴ ❴ ❴ ❴ ❴ ❴ ❴ SW ′

S
fS

//❴❴❴ S ′
gS

Y ′
||②②
②②
②②
②②
②
T Y
Step 4. In this step we prove that (SW ′,∆S′
W
) has a good minimal model. Now
run an LMMP/S on KSW + Θ with scaling of an ample divisor. By Equation
(5.9.1), we have
KSW +Θ ∼R MSW −N |SW /S.
Because MSW , N |SW ≥ 0 and pS,∗(MSW − N |SW ) ≤ 0, by Lemma 2.5, after
finitely steps we reach a model S ′W on which
KS′
W
+Θ′ ∼R −N
′/S
where 0 ≤ N ′ = (N |SW − MSW )
′, and the divisors Θ′, (N |SW − MSW )
′ are
birational transforms of Θ, N |SW −MSW respectively. In addition we have
KS′
W
+Θ′ +N ′ = p′∗S (KS +∆S).
As we pointed out earlier, N |SW is mapped into S\US where US is the restriction
of U to S, and hence N ′ is also mapped into S\US.
Now we write f ′′ = fS ◦ p′S. If we suitably choose AZ , then AT does not
contain T\VT in its support where T is the normalization of the image of S
in Z, VT is the inverse image of V on T , and AT denotes that restriction of
AZ . So, we have Θ
′ ≥ f ′′∗AT which in turn implies that (S ′W ,Θ
′) has a good
minimal model by combining Theorem 3.1 and Theorem 1.1 in dimension n−1.
We therefore conclude that (SW ′,∆S′
W
) has a good minimal model.
Step 5. By a similar argument in the proofs of Proposition 4.1 and Theo-
rem 4.2, we deduce that (W ′,∆W ′) has a good minimal model which in turn
implies that (X,∆) has a good minimal model. 
Proof of Theorem 1.1. We argue by induction so in particular we can assume
that Theorem 1.1 holds in dimension ≤ n−1. By Theorem 5.7 and Theorem 5.9,
Theorem 1.1 holds in dimension n in the vertical case. On the other hand, by
Theorem 4.2, Theorem 1.1 also holds in dimension n in the horizontal case. 
Corollary 5.10. Let (X,∆) be a projective lc pair such that ∆ ≥ A where
A ≥ 0 is an ample R-divisor. Then, either (X,∆) has a good minimal model
or a Mori fibre space.
Proof. Let (Y,∆Y ) be a Q-factorial dlt blow-up of (X,∆). We denote by f :
Y → X . By definition we have KY +∆Y ∼R 0/X . Since ∆ ≥ A, we have ∆Y ≥
AY := f
∗A. Hence the corollary follows from Theorem 1.1 immediately. 
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6. Terminations with scaling
As an application we prove the terminations with scaling for lc pairs under a
positivity assumption. To this end we study the geography of weak lc models
on a lc pair. The geography of models on a klt pair was studied by C. Birkar,
P. Cascini, C. D. Hacon, J. McKernan [6], Y. Kawamata [31], [32], A. Corti,
V. Lazic´ [13], P. Cascini, V. Lazic´ [12] etc., and the geography of models on a
Q-factorial variety was studied by A. S. Kaloghiros, A. Ku¨ronya, V. Lazic´ [33],
etc.
Lemma 6.1. Let X be a projective normal variety, and let {∆1, ∆2, . . ., ∆r}
be a set of Q-Weil divisors such that (X,∆i) is lc for each 1 ≤ i ≤ r. Let P be
the rational polytope defined by {∆i}. Then, the subset
N := {∆ ∈ P|KX +∆ is nef.}
is a rational polytope contained in P.
Proof. The lemma is obvious when X is Q-factorial klt. We therefore assume
that X is not Q-factorial klt. Pick a boundary ∆ ∈ P, and let (Y,∆Y ) be
a dlt blow-up of (X,∆) where ∆Y = ∆˜ + E. Here ∆˜ denotes the birational
transform of ∆ and E is the reduced exceptional/X divisor. If ∆ is an interior
point of P, it follows that (Y,∆′Y ) is a Q-factorial dlt blow-up of (X,∆
′) where
∆′Y = ∆˜
′ + E if ∆′ ∈ P is sufficiently close to ∆. Since the question is local,
by shrinking P we can assume that (Y,∆Y ) is a dlt blow-up of (X,∆) for every
∆ ∈ P. Because KX+∆ is nef if and only if KY +∆Y is nef, one easily conclude
that N is a rational polytope.
If ∆ lies on a face of P, then for an interior point ∆′ sufficiently close to ∆, it
may happen that a(Γ, X,∆′) > 0. Now we run an LMMP/X on KY + ∆˜′ + E
which terminates with a Q-factorial dlt blow-up of (X,∆′). Without confusion
we again denote it by (Y,∆′Y ). By an easy calculation we deduce that there
exists a neighborhood U of ∆ on P such that for any point ∆′′ ∈ U , we have
that (Y,∆′′Y ) is Q-factorial lc. By shrinking P we can lift every divisor ∆
′′ ∈ P
to Y which in turn implies that N is a rational polytope. 
The next lemma is essentially contained in [5, Proposition 3.2(5)]. We borrow
the proof below for the reader’s convenience.
Lemma 6.2 (cf.[5, Proposition 3.2(5)]). Let X be a Q-factorial projective va-
riety, and let {∆i} and P be as in Lemma 6.1. Fix a boundary ∆ ∈ P such that
KX+∆ is nef. Then, there is a real number ǫ > 0 depending only on X, ∆ and
P satisfying: for any boundary ∆′ ∈ P, if ‖∆′ −∆‖ < ǫ, then any sequence of
KX +∆
′-MMP is KX +∆-trivial.
Proof. Write ∆ = Σaj∆j as a convex combination of Q-divisors ∆j . Let R be an
extremal ray of NE(X). Pick a rational curve Γ ∈ R such that (KX +∆j) ·Γ ≥
−2 dimX . Then, there is a real number α > 0 satisfying
(KX +∆) · Γ = Σaj(KX +∆j) · Γ > α
if it is positive.
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Take L to be the line which goes through ∆′ and ∆ and let ∆′′ be the
intersection point of L and the boundary of P, in the direction of ∆′. So, there
are nonnegaitve real numbers r, s such that r + s = 1 and ∆′ = r∆ + s∆′′.
Given a sequence of KX + ∆
′-MMP, we suppose by induction that X 99K Xi
is KX +∆-trivial. In particular, the map Xi 99K Xi+1 is also a step of LMMP
on KX + ∆
′′ and (Xi,∆
′′
i ) is lc where ∆
′′
i is the birational transform of ∆
′′.
Suppose that there is an extremal ray R on Xi such that (KXi + ∆
′
i) · R ≤ 0
but (KXi + ∆i) · R > 0. Let Γ be an extremal curve for R. By the previous
discussion, (KXi +∆i) · Γ > α and (KXi +∆
′′
i ) · Γ ≥ −2 dimX . Now
(KXi +∆
′
i) · Γ = r(KXi +∆i) · Γ + s(KXi +∆
′′
i ) · Γ > rα− 2s dimX
and it is obvious that this is positive if r
s
> 2 dimX
α
. In other words, if ∆′ is
sufficiently close to ∆, then we get a contradiction. 
Proposition 6.3 (Geography of weak lc models). Let X, {∆i} and P be as in
Lemma 6.1. Suppose that for each ∆ ∈ P, either (X,∆) has a good minimal
model or a Mori fibre space. Then, the subset
E := {∆ ∈ P|KX +∆ is pseudo-effective.}
is a rational polytope contained in P. Moreover, E admits a finite rational
polyhedral decomposition E =
⋃
k Ek satisfying:
• dim Ek = dim E for every k;
• dim Ek
⋂
El < dim E for every l 6= k;
• for any two divisors ∆, ∆′ ∈ E , ∆ and ∆′ belong to some same chamber if
and only if there exists a normal variety Y such that (Y,∆Y ) and (Y,∆
′
Y ) are
weak lc models of (X,∆) and (X,∆′) respectively.
Proof. Step 1. By the proof of Lemma 6.1, possibly after shrinking P we can
assume that X is Q-factorial klt. Let ∆ be a point in P. If KX +∆ is pseudo-
effective, then we show that there exists a rational polytope Ek containing ∆
given by a common weak lc model. To this end, we run an LMMP on KX +∆
with scaling. By Section 2: decreasing the coefficients appeared in LMMP with
scaling and [4, Theorem 1.9] the LMMP ends with a weak lc model (Y,∆Y )
of (X,∆) on which KY + ∆Y is semi-ample. Note that (Y,∆Y ) is not neces-
sarily a log minimal model because (X,∆) is not necessarily dlt, but we have
a(D,X,∆) < a(D, Y,∆Y ) for any exceptional/Y prime divisor D on X . We
denote the birational contraction by φ : X 99K Y . It is easy to see that
E ′ := {∆′ ∈ U |KY + φ∗∆
′ is nef and
for any prime divisor D exceptional/Y , a(D,X,∆′) ≤ a(D, Y, φ∗∆
′)}
is a rational polytope by [5, Proposition 3.2 (3)].
Step 2. We claim that, if dim E ′ < dim E , then we can extend E ′ so that
dim E ′ = dim E . To this end, we first modify ∆ ∈ E ′ so that there is a neigh-
borhood of ∆ in E ′ sharing the same lc model. In fact, if we denote by T the lc
model of (X,∆), then for any point ∆′ ∈ E ′ sufficiently close to ∆, the lc model
of (X,∆′) is either T or a variety T ′ → T . By an inductive argument we get a
required boundary ∆.
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Pick a point ∆′′ ∈ U sufficiently close to ∆ such that KX + ∆′′ is pseudo-
effective and ∆′′ /∈ E ′. For any exceptional/Y prime divisor D, a(D,X,∆′′) <
a(D, Y,∆′′Y ) where ∆
′′
Y is the birational transform of ∆
′′. By the construction
of E ′, KY + ∆′′Y is not nef. But we can run an LMMP/T on KY + ∆
′′
Y which
terminates with a weak lc model (W,∆′′W ) as ∆
′′
Y is sufficiently close to ∆Y . To
see this, because φ : X 99K Y is a sequence of KX+∆
′′-MMP, by assumption we
can run an LMMP on KY +∆
′′
Y which ends with a weak lc model (W,∆
′′
W )→ T
′′
of (Y,∆′′Y ) such thatKW+∆
′′
W is semi-ample and T
′′ is the lc model. It is enough
to prove that g induces a morphism T ′′ → T . Let W˜ be a common log resolution
of (Y,∆Y ) and (W,∆W ) and consider the following commutative diagram.
W˜
p
⑦⑦
⑦⑦
⑦⑦
⑦⑦ q
  ❆
❆❆
❆❆
❆❆
❆
Y
g

ψ
//❴❴❴❴❴❴❴ W
g′

T T ′′oo❴ ❴ ❴ ❴ ❴ ❴ ❴
By Lemma 6.2 (cf.[5, Proposition 3.2 (5)]), one deduces that ψ is KY + ∆Y -
trivial since ‖∆′′Y − ∆Y ‖ ≪ 1, and hence p
∗(KY + ∆Y ) = q
∗(KW + ∆W ). In
particular, we have (g ◦ p)∗A = q∗N for an ample divisor A on T and a nef
divisor N on W which gives the morphism W → T by the Rigidity Lemma [14,
Lemma 1.15]. Since KW +∆
′
W is semi-ample/T , we conclude that T
′′
99K T is
a morphism.
By the construction of W , we see that (W,∆′W ) is a weak lc model of every
point ∆′ ∈ E ′ near ∆ since T is the common lc model of those boundaries ∆′. So
(W,∆′W ) is a weak lc model of every point ∆
′ ∈ E ′. By replacing Y with W , we
extend E ′ so that it contains ∆′. By continuing this process, we finally obtain
a rational polytope E ′ with dim E ′ = dim E . Note that the way of extension is
not unique, for example, when ∆ lies on a face of E ′.
Step 3. Now we expand each Ek to its largest size. We show that for any
pair of different chambers E1 and E2, their intersection has lower dimension.
To see this, we assume the contrary. There is a point ∆ ∈ E1 but ∆ /∈ E2,
and dim E1
⋂
E2 = dim E . Pick an interior point ∆′ ∈ E1
⋂
E2. Suppose that
Y1, Y2 give the chambers E1, E2 respectively, then for every point ∆′′ in E1
⋂
E2
on the segment defined by ∆,∆′, log pairs (Y1,∆
′′
Y1
), (Y2,∆
′′
Y2
) give the same log
discrepancies which forces ∆ ∈ E1
⋂
E2. This is a contradiction.
By a similar argument, we show that for any pair of points ∆ and ∆′, if there
exists a normal variety Y such that (Y,∆Y ) and (Y,∆
′
Y ) are weak lc models of
(X,∆) and (X,∆′) respectively, then they belong to the same chamber. To see
this, we assume ∆ ∈ E1 but ∆ /∈ E2, while ∆
′ ∈ E2 but ∆
′ /∈ E1. Then, for every
point ∆′′ in E1 on the segment defined by ∆,∆′, log pairs (Y1,∆′′Y1), (Y,∆
′′
Y ) give
the same log discrepancies which forces ∆′ ∈ E1. This is a contradiction.
Step 4. Finally we prove that the rational polyhedral decomposition E =⋃
k Ek is finite. In particular, we obtain that E is a rational polytope. We
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proceed by induction on the dimension of E . Assume the decomposition is not
finite. Then, for each k we pick an interior point ∆k. Since P is compact,
we obtain a sequence of such points which converges to a point. By abuse of
notation we again denote the sequence by {∆k} and the limit point by ∆. It
is obvious that KX + ∆ is pseudo-effective. Note that if ∆ is not rational,
then there is a rational polytope Ek containing ∆ which is a contradiction. We
therefore assume ∆ is a Q-divisor.
Now run an LMMP on KX + ∆ which terminates with a weak lc model
(Y,∆Y ). Then by Lemma 6.2 (cf.[5, Proposition 3.2 (5)]), there is a small real
number ǫ > 0 such that for every ∆′ ∈ E with ‖∆′−∆‖ ≤ ǫ, anyKY +∆′Y -MMP
is KY +∆Y -trivial. So, for every k ≫ 0, we have (Y,∆k,Y ) has a good minimal
model. Moreover, if we run an LMMP on KY + ∆k,Y , then the sequence of
LMMP is KY +∆Y -trivial.
Let Rk be the ray from the point ∆ passing through ∆k, and let Lk be the
segment on Rk with ‖∆′ −∆‖ ≤ ǫ. We claim that Lk ⊂ Ek for k ≫ 0. In fact,
for a point ∆′k ∈ Lk and its birational transform ∆
′
k,Y , we can run an LMMP
on KY + ∆
′
k,Y which terminates with a weak lc model Yk. Since the LMMP
above is KY + ∆Y -trivial, it is also an LMMP on KY + ∆
′′
k,Y for any point
∆′′k ∈ Lk\{∆} which implies the claim by Step 3.
Let ǫ′ < ǫ and let S be the surface defined by ‖∆′′ − ∆‖ = ǫ′. We let
∆′′k be the intersection point of S and Lk for every k ≫ 0. It is clear that
dimS
⋂
E < dim E and that ∆′′k is an interior point of a chamber. By induction
this is a contradiction. 
By combining Theorem 1.1 and Lemma 6.3, we immediately obtain the fol-
lowing corollary.
Corollary 6.4. Let X, {∆i} and P be as in Lemma 6.1. Given a surjective
morphism f : X → Z. Assume further that KX +∆i ∼R 0/Z for every index i
and that ∆i ≥ A where A ∼R f ∗AZ is the pull-back of an ample divisor AZ on
Z. Then, the subset
E := {∆ ∈ P| KX +∆ is pseudo-effective.}
is a rational polytope contained in P. Moreover, E admits a finite rational
polyhedral decomposition E =
⋃
k Ek satisfying:
• dim Ek = dim E for every k;
• dim Ek
⋂
El < dim E for every l 6= k;
• for any two divisors ∆, ∆′ ∈ E , ∆ and ∆′ belong to some same chamber if
and only if there exists a normal variety Y such that (Y,∆Y ) and (Y,∆
′
Y ) are
weak lc models of (X,∆) and (X,∆′) respectively.
To establish the terminations for Q-factorial lc pairs with boundaries con-
taining ample divisors, we begin with the following lemma.
Lemma 6.5. Let (X,B) be a Q-factorial projective lc pair and f : X 99K X ′ be
a step of LMMP on some log canonical divisor KX +∆ which is KX +B-non-
positive. Suppose there is a rational polytope P ⊂ DivR(X) containing KX +B
as an interior point such that E ⊂ P has a rational polyhedral decomposition on
LOG CANONICAL PAIRS WITH BOUNDARIES CONTAINING AMPLE DIVISORS 35
which the asymptotic vanishing orders given by discrete valuations are piecewise
linear. Then there is a rational polytope P ′ ⊂ DivR(X ′) containing KX′ + B′
as an interior point satisfying the same property, where B′ is the birational
transform of B. Moreover, if dimϕ(P) = dimN1(X) where ϕ : DivR(X) →
N1(X) is the natural projection, then dimϕ′(P ′) = dimN1(X ′) where ϕ′ :
DivR(X
′)→ N1(X ′) is the natural projection.
Proof. If f is a log flip, then the result follows easily from the fact f being an
isomorphism in codimension one. So we suppose f is a divisorial contraction.
Let V be a sufficiently large finite dimensional subsapce of DivR(X) contain-
ing P and let H ⊂ V be a hyperplane defined by Γ = 0 where Γ denotes the
extremal ray contracted in the step. By definition of asymptotic vanishing or-
ders given by discrete valuations, we see there is the one-to-one correspondence
between H and V ′ where V ′ ⊂ DivR(X ′) is the image of V under f∗.
Now we pick a rational sub-polytope Q ⊂ P of codimension one which con-
tains KX + B as an interior point such that the natural projection from the
half-space Γ ≤ 0 to the hyperplane H gives the one-to-one correspondence be-
tween Q and its image QH on H . Let P ′ ⊂ V ′ be the birational transform of
Q on X ′. It is easy to check that P ′ satisfies the required properties. 
Theorem 6.6. Let (X,∆) be a Q-factorial projective lc pair such that ∆ ≥ A
where A ≥ 0 is an ample divisor. Then, any LMMP on KX + ∆ with scaling
terminates.
Proof. Run an LMMP on KX +∆ with scaling of C. Suppose that there exists
an infinite sequence of LMMP
(X,∆) = (X1,∆1) 99K · · · 99K (Xi,∆i) 99K (Xi+1,∆i+1) 99K · · ·
where Xi 99K Xi+1 is a divisorial contraction or a log flip for every i. We write
λi ≤ 1 as the coefficients appeared in the LMMP and λ = lim
i→∞
λi. The strategy
to show the contradiction is borrowed from [13, Theorem 6.5].
Since ∆ ≥ A, by modification of coefficients we can assume (X, (1+ǫ)(∆+C))
is lc for a sufficiently small number ǫ > 0. We denote by ϕ : DivR(X)→ N
1(X)R
and ϕi : DivR(Xi)→ N1(Xi)R the natural projections. Pick Q-boundaries ∆(1),
. . ., ∆(r) on X such that:
(i) ∆+ λ1C is an interior point of the rational polytope P defined by {∆(k)}
and ∆,
(ii) the dimension of the polytope ϕ(P) ⊂ N1(X)R is dimN
1(X)R,
(iii) (X,∆(k)) is lc, and ‖ϕ(KX +∆+λ1C)−ϕ(KX +∆(k))‖ ≪ 1 for every k.
Next we define Pi ⊂ N1(Xi)R inductively. Suppose we are given Pi and a
step of LMMP φi : Xi 99K Xi+1. If φi is a log flip, then we let Pi+1 be the
birational transform of Pi. If φi is a divisorial contraction, then we let Qi be
the intersection of Pi with the half-space Γ ≤ 0 where Γ is the extremal ray
contracted by φi, and let Pi+1 be the birational transform of Qi. With this
inductive construction, it is obvious that dimϕi(Pi) = dimN1(Xi)R. Note that
∆i+λiCi is not necessarily an interior point of Pi. However, By Lemma 6.5 we
still have that ϕ(KXi +∆i + λiCi) is an interior point of ϕi(KXi + Pi).
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By Corollary 6.4, there is a rational polytope E ⊂ P which admits a finite
polyhedral decomposition E =
⋃
k E
(k) satisfying the conditions listed in Corol-
lary 6.4. Because ∆ + λ1C is an interior point, by Condition (ii) there exists a
chamber E (k1) containing this point such that ϕ(KX + E (k1)) is contained in the
nef cone of N1(X)R. In particular, ϕ(KX + E (k1)) contains an ample divisor.
Let Ei and E
(k)
i be constructed in the same way as in the third paragraph.
Also, let the decompositions of Ei =
⋃
k E
(k)
i be constructed in the same way.
We may lose the log canonicity of (Xi,∆
′(k)
i ) but the linearity of asymptotic
vanishing orders given by discrete valuations on each chamber will be preserved
by Lemma 6.5 (cf.[13, Lemma 5.2]). Since λi > 0, we see ϕi(∆i + λiCi) is an
interior point of ϕi(Pi) and there exists a chamber E
(ki)
i containing ∆i + λiCi
such that ϕi(KXi+E
(ki)
i ) is contained in the nef cone. In particular by Condition
(ii), ϕi(KXi + E
(ki)
i ) contains an ample divisor.
Let i0 be an index such that the sequence of LMMP consists of only log flips
after Xi0. Since the decomposition is finite, there exists two indices i, j ≥ i0
such that ki = kj but i 6= j. Then by the Rigidity Lemma [14, Lemma 1.15] Xi
and Xj are isomorphic. This is a contradiction. 
Remark 6.7 It is worthy to note that a log flip on a non-Q-factorial lc pair
sometimes increases the Picard number. For example, see [17, Example 7.5.1].
Therefore the argument above cannot be applied directly to an LMMP for
non-Q-factorial pairs. To generalise the previous theorem we need a detailed
analysis on the structure of N1(Xi)R.
Corollary 6.8. Let (X,B) be a Q-factorial projective lc pair such that KX+B
is not pseudo-effective. Then, any LMMP on KX + B with scaling of some
ample divisor terminates with a weak Mori fibre space.
Proof. Pick an ample divisor H and run an LMMP on KX +∆ with scaling of
H . Note that this LMMP is also an LMMP on KX + ∆ + ǫH with scaling of
H where ǫ > 0 is a small number. Now the conclusion follows from Theorem
6.6. 
7. Appendix
Written by Jinhyung Park
The aim is to show the finite generation of Cox rings of log canonical Fano
pairs, which was conjectured by Cascini and Gongyo ([11, Conjecture 4.1]).
Theorem 7.1. Let X be a Q-factorial projective variety. Assume there is a
boundary ∆ such that (X,∆) is log canonical and that −(KX + B) is ample.
Then a Cox ring of X is finitely generated, and hence X is a Mori dream space.
The following thereom is a key ingredient of the proof of Theorem 7.1.
Theorem 7.2. Let (X,∆ + A) be a projective log canonical pair such that ∆
is a boundary divisor and A ≥ 0 is an ample divisor. If KX + ∆ + A is a
pseudo-effective Q-divisor, then R(X,KX +∆+ A) is finitely generated.
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Proof. Since (X,∆+A) has a good minimal model by Corollary 1.2, it follows
that R(X,KX +∆+ A) is finitely generated. 
We also need an easy lemma (cf. [11, Propositions 2.9 and 2.10]).
Lemma 7.3. Let (X,∆) be a projective log canonical pair such that −(KX+∆)
is ample, and L1, . . . , Lm be Cartier divisors on X. Let E :=
⊕m
i=1OX(Li),
and π : Y = P(E)→ X be the corresponding projective bundle. Then there is a
boundary divisor Γ on Y such that (Y,Γ) is a projective log canonical pair and
−(KY + Γ) is ample.
Proof. After possibly tensoring by a suitable ample divisor on X , we may as-
sume that L1, . . . , Lm are very ample divisors on X . Then the tautological
section H of E is an ample divisor on Y . Now fix a sufficiently small rational
numver ǫ > 0 such that −(KX + ∆) − ǫ
∑m
i=1 Li is ample. We can take an
ample divisor A such that A ∼Q −(KX + ∆) − ǫ
∑m
i=1 Li and (X,∆ + A) is a
projective log canonical pair. Let T1, . . . , Tm be the divisors on Y given by the
summands of E, and T :=
∑m
i=1 Ti. Note that T ∼ mH −
∑m
i=1 π
∗Li. There
exists a boundary divisor Γ on Y such that (Y,Γ) is a projective log canonical
pair and
Γ ∼Q (1− ǫ)T + π
∗(∆ + A)
∼Q T − ǫ
(
mH −
m∑
i=1
π∗Li
)
+ π∗(∆ + A)
∼Q T + π
∗(−KX)− ǫmH.
Since −KY = T − π
∗KX , it follows that −(KY + Γ) ∼Q −KY − T + π
∗KX +
ǫmH ∼Q ǫmH is ample. 
We then prove Theorem 7.1.
Proof of Theorem 7.1. By Kodaira vanishing theorem for log canonical pairs,
we have H1(X,OX) = 0, and thus PicQ(X) is a finite dimensional vector space
over Q. Choose a basis L1, . . . , Lm of PicQ(X) such that each Li is a Cartier
divisor on X and the convex hull of L1, . . . , Lm in NR(X) contains the effective
cone Eff(X). Let Y := P(
⊕m
i=1OX(Li)), and H be the tautological section of⊕m
i=1OX(Li). Note that H is a big Cartier divisor on Y . It is easy to check
that a Cox ring of X is finitely generated if and only if the section ring R(Y,H)
is finitely generated. By Lemma 7.3, there is a boundary divisor Γ on Y such
that (Y,Γ) is a projective log canonical pair and −(KY + Γ) is ample. We can
choose an ample divisor A on Y such that (Y,Γ+A) is a projective log canonical
pair and KY + Γ+A ∼Q ǫH for a sufficiently small rational number ǫ > 0. By
Theorem 7.2, R(Y, ǫH) is finitely generated, and so is R(Y,H). Therefore, a
Cox ring of X is also finitely generated. 
Now we discuss about the characterization problem for Q-factorial log canon-
ical weak Fano pairs whose Cox rings are finitely generated. Note that
{X | (X,∆) is a Q-factorial klt Fano pair}
= {X | (X,∆) is a Q-factorial klt weak Fano pair}
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and every element of the above set is a Mori dream space by [6, Corollary 1.3.2].
However, in the log canonical weak Fano pair case, we only have strict inclusions
{X | (X,∆) is a Q-factorial log canonical Fano pair}
( {X | (X,∆) is a Q-factorial log canonical weak Fano pair and X is a Mori dream space}
( {X | (X,∆) is a Q-factorial log canonical weak Fano pair}
by the following example.
Example 7.4 Let Y be a log canonical non-rational del Pezzo surface, and
f : X → Y be the minimal resolution. We denote by −KX = P + N the
Zariski decomposition. Then (X,N) is a log canonical weak Fano pair, but X
is not a Mori dream space since Pic(X) is not finitely generated. Note that N
is an elliptic curve contracted by f (see [28, Theorem 1.6]). Take a blow-up
g : X ′ → X at a point lying on N , and then contract g−1∗ N so that we get a
normal projective surface Y ′. Then Y ′ is a log canonical weak del Pezzo surface,
Y ′ is a Mori dream space ([28, Corollary 1.9]), and there is no boundary divisor
∆ with (Y ′,∆) being a log canonical del Pezzo pair.
Recall that if (X,∆) is a Q-factorial log canonical Fano pair, then X is
rationally chain connected ([23, Corollary 1.2]). Furthermore, when (X,∆) is
a log canonical weak del Pezzo pair, X is a Mori dream space if and only if
X is rationally chain connected ([28, Corollary 1.9]). Thus it is tempting to
expect that for a Q-factorial log canonical weak Fano pair (X,∆), the finite
generation of Cox ring of X is equivalent to the rationally chain connectedness
of X . However, this naive expectation turns out to be false in both directions
by the following examples.
Example 7.5 Let S be a Mori dream K3 surface, and A be a very ample
divisor on S. Let X := P(OS ⊕OS(−A)), and H be the tautological section of
OS ⊕OS(−A). Then (X,H) is a log canonical weak Fano pair and X is a Mori
dream space by [11, Proposition 2.6], but X is not rationally chain connected.
Example 7.6 Let S be the blow-up of P2 at 9 very general points, and
A be a very ample divisor on S such that A − KS is also very ample. Let
X := P(OS(−A)⊕OS(−KS)), and H be the tautological section of OS(−A)⊕
OS(−KS). Then (X,H) is a log canonical weak Fano pair and X is rationally
connected, but X is not a Mori dream space.
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